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“Publisher S Note 


22 sAg ova book: ray ae Gariptuie; the 
-Bhagavadsita has assumed a Position of 
universal interest, Its teachings have 


gained appre ciation not onl yin India, but 


_ far beyond its borders. Our Gita-Library oe 


alone comPrises about1300 editions ofthe — 
Bhagavadgita published i in. 32. different _ 7 
“3 languages including! 3. foreign languages. : 2 Z 
_ And the Gita Press itself has struck off up ss 
to date l, 17,05, 000 copies. of this wonder- . ts | 
ful book within. the last thirt y-nine years, % ar 


This is.our apology for bri inging out this» | 
) English: edition of the Gila' in Pocket-size. 
‘ and ix ina a popular form. We tr ust it twill Bnd: 


-a¥uur with the Kinglish-reading public. 
The English translation of this edition has 
been based on the Hindi rendering of the 
Git made by Syt. Jayadayal Goyandka— 
and aPPearing in the Gita-Tattva Number | 
of the Hindi monthly ‘Kalyan’, published - 
by the Gita Press, In Preparing the 

- present English'translation,the translators 
have made use, every now and then, of 
other English translations of the G74, 


and express their grateful acknowledge- ie 
ment to the same, se 


In order to add to the . utility of 
this small volume an 

Syt. Jayadayal Goyandka.and a Synopsis 
of the Gité have been Prefixed to the 
translation and an article »by the'same 
author bearin g 


B on the Gia has heen 
appended there to. oe yee! age ae 


introduction by 
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ik) 
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_ ** The Great Architect of the Universe now begins” 
~~ to appear as a pure Mathematician”. 


_. Sir James Jeans. © 
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PREFACE 


This is a text-book covering the First Year Course 
in Calculus of the Poona University. 


The prescribed course is concisely worded as follows: 


_“Variables, functions, concept of a limit; derivatives of simple 
algebraic and trigonometric functions ; derivatives of sums, products, | 
quotients and functions of function; geometrical and physical inter- 


pretation of derivatives, Integration as the inverse process of differ- 
entiation,”’ : , 


It therefore leaves the teacher and the student free 
to read as much or as little as he likes bet ween the lines. 


Knowing this, I have arranged the matter in such a 
way that the teacher can pick and choose from any topic__ 
as much of it as he can conveniently deal with for his. 
students to assimilate easily, Each topic is self-contain- 
ed with its own set of a variety of illustrative examples . 
‘and drill exercises that immediately follow, which an~ 
average student who .closely follows the illustrative 
examples, should be able to solve without much difficulty. 
Having the ‘Freshman’ in view, I have purposely : 
~ eschewed the idea of giving a: -miscellaneous setof © 


examples at the end of each chapter or even at oe end 
of the book. a et ) oie d. oa 


when this newly ieekeducedis course :in eealedlug fort 
the first year class.has been actually .taught:in the 
colleges for some time, then and then only, the experi-. 
ence of the teachers as well as that of the learners, will | 
establish the exact scope and content of the syllabus. - 


v1 


To the student, however, I can say this:— “Th; : 
book has been specially written for you, having your abe 
and your capacity in view.” I have given the explana- 
tions, particularly in the earlier part in great detail even 
at the risk of being lengthy,so that even the student 
who believes in self-help should find it easy to under- 
stand and to grasp the fundamentals of calculus. 


It is difficult to hold the balance between mathe- 
matical rigour and simplicity. If there is a lapse of 
rigour any where, it was inevitable, For this lapse, I am 
sure the student, if not the teacher, will forgive me. 


With reference to the treatment in this book vis 
avis the syllabus, I have to admit that the temptation 
to deviate has been irresistible in certain parts. 


I gratefully mention here the facility and encourage- 
ment given to me by Prof. K..V. Nayak ‘of the Ruia 
College, Bombay while I wrote this book at Bombay. To . 
Prof..D.B. Wagh of the Wilson College, Bombay I owe the 
perspective of presentation in this book. Sri. Achyut 8. 
Apte, M.A., of the Hydrodynamic Research Station, Poona 
took immense painsto shape my press copy; I thank 
him too. Iam obliged to Dr. D. K. Sen of the Rajaram 
College, Kolhapur for his having gladly permitted my 
publisher to publish this book on calculus in addition to 
the one by him published already. 


Ithank Prof. K. Balagangadharan of the Wadia 
College, Poona, Prof. Mrs. Madhumalati Apte of S. P. 
College, Poona and Prof. A.B, Shah of the Fergusson 
College, Poona for their valuable suggestions. 


: My thanks are also due to Sri. J.P. Apte, Art Master 
\of Sur Society’s High School at Deccan Gymkhana, 


Vil 


Poona for the drawings in this book, and also to my 
brother, Yashwant who helped me in drawing the curves 
and in reading the proofs, 


The management of the’ Aryabhushan Press also 
deserve my thanks for their careful execution of the 
printing of this volume, . 


All suggestions from the readers for the improve- 
ment of book willbe gratefully received. 


POONA 4. \ 


July 12, 1950 M. N. BHAT, 
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CONSTANTS AND D VARIABLES 


os y +. 
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Il. Nature of the subject. Ee 


f 


Catculus’: sta ‘branch. of Mathématice: Se “as {the AA 


e aard suggests, calculus” gives: you: some new methods of 
calculation,. sparticularly « needed. to, /get sresults, « not 
obtainable by the operations of simple addition, sub- 
-traction, multiplication and division.’ Therefore you will 


find that the methods of calculus are e finer, powerful and | : 


therefore highly useful. 


As a pre-view of what, calculus promises to offer, 
here are a few illustrations : . 


vee Consider: the ‘geometric series 1+ 5 + 7 + 53 


a 354 os _— Dénote the a these n terms by S,,, 


You can find S,, so long as 7 is a finite number. Perhaps 


1% 
you know that 5, = ca A But just at present you are © 
2 2 by ky Ee 
po oie | 
not sure of: the sum wf thes series 51 he B +s 3 prs ad | 


infinitum — ¢ ed unending ).- ‘Calculus will ‘sive you 
this sum. bated 


(ii) ~ You'know how to-find the area of a triangle; 


Dividing any polygon (of any number of sides) youare able | 
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to find the area of a polygon too. But you do not know 
how to obtain the formula ar? for the area of a circle or 
again to establish the formula 4 zr? for the volume of a 
sphere and many other such common formule, Methods 
ofcalculus establish these. 2 | | 
(iit) You know how to draw a tangent to a circle at 
any point on its circumference. The perpendicular at 
the point on the circumference to the radius drawn 
to. that point will be. tangent tothe «circle. But 
consider.the graph of: y = x?, (2,4) is a -poiht on the 
sraph. How to draw a tangent to the curve at’ (2, 4)? | 


sp Ol) st. oD 4 


M=-41-5H-2 -1 O01 J 9S 4x 


Perhaps you will say, ‘ place the foot rule: adjust it near 
the point as best as you can and draw the line that 
touches but does not cut—as carefully as you can.” 
‘‘—as carefully as you.can ’’’—that is it, which means ‘‘as 
accurately as you can.’ Can you verify how accurate 
you could be or what was the error, ifany? Well, you 
will be able to do this when you read chapter V of 
this book. : 


" 


portional to the cosine o 
ight and th 
anversely proportional: to the 
lamp from the surface. - 


CONSTANTS AND. VARIABLES 


(iv) Physics tells you this: 
The illumination of your small reading table is oro 
) f the angle between the rays of 
© normal::to the surface, ofthe ‘table and 
€ square ot'a distance of the 


At what height should the lamp be placed ‘in order 
that your book on the table a feet distant from the wall 
to which the lamp is fixed, may get the brightest 
illumination ? | 


Calculus alone offers a solution to the above problem. 


In fact calculus.offers a solution to many an intricate 
problem in almost every branch of science. 


(vy) Take the relation y? = x3. The graph of this 
will evidently pass through the origin (0,0). But mere 
graph will not give you more information about the 
nature of the curve very near the origin, but a study of 
42 = x3 applying to it your knowledge of calculus will 
five you all the information about the curve at any point 


a ne 
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onit as if you have 
through which you are a 
details of the object. — 
5 stage, J am sure; you 4 
f this.new su 
erful and useful. 
‘an infinitesimal 
These will 


put it under ° 
ble to discern the. minutest 
re anxious to know 
bject of calculus 
Calculus is 
” and a new 
be explained 


At thi 
the fundamental: basis © 
whose methods are pow 
based on a new conception * 
operation * finding the limit.’ 
sn this book in due course. 


1:2. The number system. | 
deal with 


Any mathematical operation has always to 
numbers. | ; 
The process, of counting gives us the positive integers: 

0, 1, 2, 3, 4... To generalise the process of subtraction, 
negative numbers such as, —1, —2, —5...--are introduced. 
Next the process of division gives us fractional: numbers 
. ot #2 2. 9 
like =, =~» 8? =a 

Af 32 eB? 4 ree 


eee p . : 
Definition : -A number — where p and gare integers 

positive or negative 

yvational number. 


ee Integers are naturally included in the above defini-. 


tion, for an integer 5 can be looked upon as a fraction 5/1 
ae o bier of rational numbers consists of zero 
integers { positive OF negative ) and fracti r niattivie 
ar hepative ores yand fractions ( positive 


. ss of numbers’ consi | 
Pe Recah anaes 3! consists of other’ : 
besides:rational numbers, — o Sg other numbers 


(except that q#0) is called a | 


a powerful. microscope 


——— 


ewe, 


CONSTANTS AND VARIABLES 


The numbers that we.saw ‘so far: could .always ‘be 
expressed in the form ai where p. and gq are positive or 


negative integers (q #0). There are, however, ‘other 
mumbers that cannot be expressed in the above form. 


/2, V3, V5, 5, m are examples of such numbers, . These 
numbers are mies irrational numbers. 


-- Numbers like / —2, VW —4 etc. are imaginary num- 
bers. 


The Number System 


‘Real Numbers Imaginary Numbers | 


Rational _ Irrational 
(zero, integers, fractions) 


* In this book all the numbers involved are supposed 
to be real numbers. 


1-3. The Fundamental Operations. 


(A noteworthy exception ) 


We can freely do the four fundamental operations of 
addition, subtraction, multiplication and division with 
any real number, except division by zero. 


In the case of zero, addition, subtraction and multi- 
plication are defined, e.g. x +O =x,0+0=0, x — je 


0-0=0, xx0=0, 0x0=0 etc. where x is any real 


e s e e e x 
number. But division by zero is not defined ; 0 where x 


ds any real number, including zero, is meaningless. 
* The -student is 


advised to note this: exception 
«wherever it occurs, E ) Eat pe tesa 
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1:4. Constants and variables. 


The measure of a quantity is, in some cases, a Con~ 
stant and in other cases, it 1s a variable. The distance 
between Poona and Bombay is a constant. The speed of 
a train running between these two places is a variable. 
It varies not only at different stages of the journey of the 
same train, but also with different trains. The tempe- 
rature of a place is a variable quantity whereas its alti- 

tude above sea-level is a constant. nbn 


Therefore in mathematical operations we use two: 
classes of quantities. One class consists of those quanti- 
ties which have the same value throughout t he operation,,. 
and the other of quantities which may take different 
values. Those belonging to the first class are constants: 
and those of the second one are variables. , ' 


Notation. Constants are generally denoted by the: 
earlier letters of the alphabet, like a,,c...... Be deh, 1 os 
the end letters s,t, u,v,w, x,y,z are used to denote: 


variables, 


For example, if s is the distance covered by a body 
moving with constant speed, in time t, then we say s = kt 
where k is a constant to denote the constant speed. s and: 
t are variables. s varies as t and vice versa. If we know 
the value of the constant k in the above relation, given 
the value of t, we can find out the eorrestondiag value: 


of s and vice versa. 


Take another example, say, that of a hostel. The 
expenses of a hostel are partly constant, such as rent, 
establishment etc.,and partly variable such asfood charges 
etc. We can express this by the relation y=ax+ 6 where 
y stands for the total expenditure, x for the number of in-- 


CONSTANTS AND. VARIABLES 7 
mates, a for the mess-bil] Per head and 
overhead Siete In this relation g and b are con; 
stants; x andy are variables In fact thé ; 

: the -v | 
depends on that ‘of x. se 


So. we call x, the ind oa 
variable ; y is called the dependent variable. on 


6, the constant 


assume values lying between two fixed numbers only: 
In the above instance, if the hostel can. accommodate only. 
up to 40 students, then the relation y=ax+bistrue . 
only for integral values of x ‘between: 0 and 40. We 
then say that x lies in the interval from 0 to 40, the 
interval being denoted by the symbol (0, 40). 


_ Interval of a variable. Sometimes a variable x can 


The temperature of Poona on different days and at 
different hours of the day is a variable quantity. But we | 
know that the lowest record did not go below 35°F and 
the highest one beyond 115°F. So we can:say that the 
temperature of Poona varies in the interval (35°F, 115°F), 
Such an interval fora coastal city like Bombay will have 
a smaller range. 

; ; \ 

Let y= V4—-24. If y is known to be real, then when 
the expression (4 — x) under the square root sign is nega- 
tive, the square root cannot be extracted. So x here 
cannot be greater than 4, 


Consider the expression y = (x —1) (x — 2) where, 
suppose it 1s given that y is always negative. Then it is 


easily seen that the range of the interval for the variable 
v2.18 (1.2). 
Continuous real variable. A variable is said to be 
continuous in a given interval (a, 6) if the variable can | 
take for its value any real number contained in that 
interval, We deal mostly with continuous real variables, 


einai 
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x2 ‘drawn elsewhere in this 
already familiar. To draw. 
ot. only a few convenient 


. . Look at the graph of y = 
chapter, with which you are 


this graph, no doubt. you pl 
points, but then you draw a smooth curve passing through 


all the points plotted. In ‘y = ~?, given the value of x 
we can get the value of » and also vice versa; SO you Call 
consider either x or even y as the independent variable ; 
then the other is.the dependent variable. Both these 
variables are continuous variables.,:. ‘That is why you draw 
a-smooth curve passing. through the plotted points. 
From the graph, given any -real value of x, you can find 
the corresponding value of y and vice versa. 


1.5. Exercise. 
0, which are the 


- 1. Inthe equation ax? +bxtc= 
the 


constants? Ifa=1;b=2 and c=-— 3, what are 


values of x? 
0, which are 


2. Inthe equation ax? + 2hxy + by? = 
he 2, 


-the constants? What are the variables? if a1. 
b = 3, express y in terms of X, 


3. A railway engine without a train can go 30 miles 
an hour and its speed is diminished by a quantity which | 
varies as the square root of the number of wagons 


attached. We express this as s = 30 — kVn. Which are 
the variables and which are the constants in this equation? 
When 16 wagons are attached, the speed of the train is 
20 miles an hour. What is the range of interval of n 


here? Is n continuous? 
4, y=(1+-%) (2- x) and y is positive. 
the range of interval for x? Is x continuous? 


2 =A/9— x — x2, When 9 is real, what is ae range 
of interval for x? Is x continuous ? 


W hat is 


CONSTANTS AND VARIABLES g 


he o . “i x— I] 
pete IE . For what value of 4 x is'y Heh) equal to 


zero can not defined Gi) equal to one (iv) equal 
io | } 


‘7, Inthe expressions below x and y are real. Find 
out their admissible values, 


(1) y= (x — 5). = 2) : 
Gi) 39-2) =e (4) ‘ 1 
(ii) sin=1 x, | ‘f 
(iv) tan-1 x, 
(Vv) y=utv 2-1. 
1-6. Idea of a function. 


We have already referred to an independent variable 
and a dependent variable. We also illustrated how 
y depends for its value on the value assigned tox. In 
such a case y is said to be a function of x. x *is called 
the argument of the function, e. g. if y = 2x + 3, then y 
is a function of x, x is the argument, 2 and 3 are constants, 


Definition:—W hen two aaa are connected in | 
such a way that to each value of one there corresponds | 


a value of the other then each quantity is ‘Said to be a | 
function of the other. 


(1) Intriangles on the same base, the area and 
the altitude are functions of each other. 


(ii) The distance covered by a moving body and 
the time taken are functions of each other. 


(iii) x2 + 2x — 6 is a function of x, 
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Notation for functions :—Take the function x*-+2x —6, 
If «x = 2, then the value of the function is;2, and if « = 3,. 
then its value i is9, A compact way of denoting a func- 
tion of x is by using the notation f(x) where by 7 (x) 
we here mean the expression x? + 2x —6. The two sub- 
stitutions that we made can now be conveniently puch, im 


short form be indicated as follows:— 


fC) = 2? bh Oe mo Brn ny dee 
f(2)= 2422-6. _ 
=-4 44-6. 
=— 2. | 
f (3) = 2 +23 — 6 
=9+6-6. 
Similarly f(1) =+21-—6 ~~ 
=—3 
and f (0) = 0? + 2.0 — 6 
= — 6. 


Next consider the function y = 4x2-5. If we want 
to put this function in a short form, we cannot again use 
the same notation f (x) because here the expression in 
is different. We shall therefore put here that y= ¢% (x) 
where ¢ (x) stands for the expression 4x2 — 5, Then 


$ (2) = 422-5 
= 11 
6 (0) = 4.02 — 5 
=-5 
o(-1) = 4(-1? - 
=-1 
g(a) = 4a? —5 


= 4q2— 5 and so on, © 


CONSTANTS: AND “VARIABLES IT: 
fe -, These examples show. us that if we want. to denote- 
several functions in a short form, we need different nota 

tions for them. f(x), @ (), F(x), W(x) etc, are ome 


of the functional notations commonly used. We have 
also seen that these notations are convenient to indicate 
substitutions for «x. It is also. clear that f (x).does:not: 
mean. f multiplied by x; x, however, must -always - be: 
written within brackets. =. Re eae wees 


: TG cake 


Some types of functions. _ 


The examples of functions that we gave so far were- 
algebraic. They were direct or explicit-functions. They. 
‘are so called because in them y is given directly in terms 
of x. y = 3x2 — 4x +5 is another example of a direct or 
explicit function of x, Here y alone on one side is given 
to be equal to an expression in x onthe other side. So. 
it is easy to calculate the value ‘of y for a §given 
value of x. Another example of -an explicit function is. 


y= et. Here when x =1;y=/7, Butfor x =2 
x — = 


the function is not defined. Why ? 


We have other kinds of functions too. For example 
the equation 3x3 — 4x2y + 7y3=0 Here y is deter-- 
minate for a given value of x. y is a function of x. But \ 
x and y are mixed up in the expression; y 1s not put \ 
separately as equal to an expression in x. Such an: | 
expression is called an implicit function. 

y=sinx: y=cosx or y= sinx + cos?x are 
examples of trigonometric functions. In these the values. 
of x are either degrees or radians. In y = sin x i cos? x,. 

Tv 


if x= 0, then y=1; if x=, then y= 1 ete. 
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maa, eas Rs. 
spy alih a as 
LSet See Bays: 


v= / x is also an example of a function. In this | 
function if y is real, then the function does’not exist for 
negative values of x. | le es pa 
A function may be defined only foracertain interval 
of the argument, . Take, for instance, the function 
y =vf9-— x2, We have square roots of positive quantl- 
ties only, So (9 — x?) cannot be negative. That means 
x cannot be outside the interval (— 3, + 3). The 
function is defined only for the interval (— 3, #3) 
of the argument «. | 3 


A function of a different nature is. shown 1n the 


example below: ’ 2 ea 3 
. Fy = 32 - 5x when x <1 
Ff) =0 when x=1 


f(x) =2x +1- when x>1,, 


Here f#(—1) =3(-1"-5(-1) 


= 8 
f (0) = 3-02 — 5.0 
='0) 
f (1) = 0 as defined 
f(2) =22+1 


= 5, and so on. 
Exercise : f@=1-x when. x<—lorx>l1 
f(x)=1+« when -1lecx<l 
Find: -(i) fC =—1).. Gi) #(@) qii) fC) 
(iv) #@) Cv) «F(-2) Ci) FC). 
Ans: (i) 0 = (ii) 1 (iii) 2 


(iv) -1 (v) 3 (vi) 1-5. 


SET 
hee) 


CONSTANTS AND VARIABLES: 


1-7. ; Illustrative eee 
VI, If f (x) = — ~ show that 


f(x +a) —f(x re 


ea 
Solution : f (x) 1 
x 
1 +a) = Ha: | 
Similarly . f (%—- a) =. oe 
| KA 
i en Be me ee Orel 
_x-a—(%+a) 
_ ye — @Q2 
—2a 2a 


—= ee ——_- 
—=- 


———aa ee 


2 If f(x) =1-—cos2x, find # (0), £(90°) 


f (45° — x) and f (45° + x). 


~ Solution : f (x) =1-— cos 2x 
- f(0) =1—cos2x 0 
= 1 — cos 0° 
=]-1 
= 0. 
f (90°) = 1 — cos (2 x 90°) 
= 1 — cos 180° 


=ji[-(-1) 
= 2. : 


AS 
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FOROS) = slew 2 
_= 1 = os (90° — 2x) | 
1—sin2x 
f (45° 4x) =1 = cos2 (45°.+.%) 
ar? ape OO 
= 1+ sin 2x. | 


I 


3, ai: f(%) =a* show that 

fot Da fe=D sear 

mes + 1) — fx Ty “gett a qz-t 
: a— 1 eg, tL 


a*a en 
a 


Solution: 


“4, If f(t) =84 62 —1 and g(t) = 38 — 424.71 
for what values of ¢ will f(t) = g(t)? 


Solution : Putting f (t) = g(t) we have 
+ 6 — 1 = 33 — 42 + 7% 
we 28 —102+77+1=0 


CONSTANTS AND VARIABLES 
ie. @ — 1) @e?- crn AS 
be ee B£V78 | 
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oom 2ea? 


f= 8 when ¢ =1 or 2haVva 


ax ax +b b. 
c% =a? rove that ae r(). 


SA aH t@) 


a es 


Solution: a (x) _ ax ep b 
C 


cx —a a 
av + 
F(y) 2 22 
CY. = a’ “ 
We have y = Gk 0 
Cx"— & 


cxv —-ay=ax +b) 


x(cy—a)=ayt+b: 


git See 
cy-a 
x =f Cy), a” 


1-8. Exercises on functional notation. — 


wt. BFOre Jt And FCs 40). 7 @& 45D), 
a ws) =Af2 smo [x being in radians] 
find f (5). f (1) and f ). 


3. Tf f(x) = 3x — 423, and f (0). £( — 2) and 


16 


r4o PERG = ——— show that 
LY ey pane 
ic 1 = f (= yaa w/e T+G+D aDVvE 
= 
on Given thie f(*)= show that 
ae 4-1 aL f@- — f(b) _ 3 
4G) (st) - L ti) 1+ f(a) FO) iFab 
6. If (x)= a show that fifo = 7 
Ze fit ij (x) * == ~ show ae i (ah 6)=tan “6 +0) 
| 8, Given that pve! = g* show that : } 
f (x) Xx gs f (ev). 
oO, Tf () == find the approximate value of 
LG+MO TS i when h is very small. 
v10, Find in the following cases the approximate. 
value of ola th) — when h is very smal 
compared £0:%% 
(i) @j= 3 Gwe 4 
! (11) a Prem 
1], -Given that f (x) = ? = and e (x) = at 
find Aes and ae 
12. 
| If f (x)= = = and @(x) = x show that 
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Ae@b=¢ Dif (x) bt. 


e& 
4 
E 
& 


CONSTANTS AND VARIABLES 17. 


2 
we ok Show that i ae aint a — ~ is not a finehen of "x. . 


x4! If f (n) = sine 9 ane 9, show that 
27(6)-3f(4)+2=0.0- 


1:9. Graphs of functions. 


Given a function y = f (x),.we.can draw its graph. 
The graph of a function, when drawn, presents to us 
vividly the nature of the function, Often the graph of a 
function enables us to study the function more clearly. 


Consider the function y= 2x+3. To draw its 
graph, a pair of rectangular axes (the x-axis and the 


y-axis) are taken and suitable units are marked on 
them. 


‘The following table of corresponding values of x and 


y related to each other by the function y = 2x + 3, is- 
then prepared, 


_ | EEO | | [ce 


Plotting these points on the graph, we find that they 
lie ina st. line. This st. lineis drawn. It is the graph of 
the function y = 2x + 3. 


From the above graph we can read the value of y for 
any value of x. If necessary the line of the graph can be 
extended in either direction. 


y) 
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When the several points are plotted, we find that 
they are not ina st, line, However, they lie symmetri- 
cally about the y-axis. A smooth’ curve passing ‘through 
these points should be drawn. That is the graph of the 
function y = x*, This curve is called a‘parabola. The 
greater the number of points plotted in. a range, eal 


better will be the graph drawn.. ry tei fey de Pe eT 


‘CONSTANTS ANDVARIABLES ig) 


» PF25625 | 


C-5—4-5-2194 12545X% 


Inthe above graph draw the ordinate PP’ at x = 2:5. 
‘It cuts the graph at P. The length of the ordinate PP’ 
represents 6:25 units. Looking at the function y= x? 
also we get. when x = 2:5; y = 6-25 i.e. when the value — 
of the argument x is 2:5, the corresponding value of the 
function y is equal to 6:25. | , 

§ In general, when a graph of a function (usually 
called the curve ) is drawn, the ordinate ‘to the curve at 
any point x gives the corresponding value of y i.e. the 
value of the function. 


* Tt therefore follows that in a curve of the function 
y = f(x), any poimt on the curve can be marked as 


Drawing the graphs of functions is quite interesting, 
though not always easy. Here are some more simple 
curves, The student is advised to draw them accurately 


on graph paper, choosing suitable units, 
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od “Ee arab Gf Ay) POLY 
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1:10. Exercises. | 

Draw the graphs of the following functions :— 

(i) x=2 (ii) y=3 GiDy=x% Gv) xt y=0 
(vy) p= 2xt] (vi) y= ex? (i) yerettu—2 
(viii) y = sin x + cos*¥ Gx) y= “x38 (x) y = 1/(x% + 2). 


Note :—When the graph of a function’ is to be 
drawn, if it is intended to study the nature 
of the curve drawn, then that curve should 
have its true shape. For drawing the curve 
with its true shape, it is essential that the units 

taken on the x— and y— axes should be on the 
same scale. 


ANSWERS 
Ex. 1-5. 
1. a,b,c are constants. «= lor — 3. 


2. a,h, bare constants; x, y are variables: 


x 
yore —x or — 


J 


os 
7 
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3. s,n are variables; 2 is a constant. 
(0, 144), No.; nis an integral variable 


4, (—1, 2): yes. 
5. (3,3); yes. 
6. (i) 1 Gi) -1 Ga) ceoien Go 0, 
7, (i) x cannot lie between 2and 5 
y can have any real value, » 
(ii) x can have all real values except 1. 
y can have any real value. 
_ (iii) (-— 1,.+ 1). | 
(iv) any real value. 
(v) x cannot lie between —1l and Tle 
y can have any real value, 
1.85 | : 
Lf Oe: f()=- 45 F@ +2) = ae 
vit 
2, #(Z) =F +1 F@ = 18415; (=O 
3, £(0) = 0; f(-2)=26; f (+) = ASE 
x (l-—x an 


— J a —a 
9, =: 2 Pa SO 
Sacre 10, (i) «3a? C11) (6 eey 


SOLIMITS hte sore? tak a ie. 
2:1. Introduction.. 

In the study of functions; the usual algebraic processes 
have limited use. -They do not, for example, help us. to: 
know ifa function is an increasing function or decreasing 
one in an. interval,’ what are its maximum or minimum 
values and so on: For this kind of study,:calculus is more 
useful. As the basis of calculus, we introduce, two 
new phrases, “tending to a limit” and ‘‘tending. to 
infinity.” We also formulate a ‘new operation “finding 
the limit’’ which helps us to give a meaning .to a function 


at a point where the direct substitution of the value 
of the argument is not possible. : 


We shall illustrate what we mean above by examples. 


As already stated, “finding the limit’ is the basic 
process in calculus. te ” | 


2:2. The phrase “infinity ” explained. 


(i) Think of a large number. Perhaps you will 
say, 3481, Can you not think of a larger number ? 
“Yes.” you will say, and utter 1,84,753. But you can 
give out even a larger number than this. Is there any 
end to this process? Perhaps you will stop at a certain 
stage, say, millions of millions or billions of billions; but 
that is not the end. If you cannot think of larger 
numbers than these, another man might do so. This man 
again might be outdone by athird one. I[t is a matter of 
patience. But even patience might exhaust, but the 
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number system does not, It is endless; in other words, it 
is‘ infinite.” So ifa number n grows i larger and larger 
endlessly, we say that‘ 7 n tends to o infinity,” by omichive 
mean that n is “capable of assuming values larger than 
you orlor anybody can:think of. It follows that here 
s infinity ” does not ‘stand for any definite 1 eee 


F . 
(ii) Take. the function: Ya can give. to x 


aiceeekivels: smaller and smaller values, The corresponding . 


values. of y are larger. and larger. If x= Q-001; then 
y= 1000; if: x= 0.000001, then y = 10,00,000 and so on. 
This: process is, endless, This unending | growth of 
the: value of y as x becomes smaller’ and smaller is 


Bes | 
mathematically stated ae ‘saying ‘that og tends 


infinity. as x tends to : zero. 


The ee statement in ‘he above: a foe at needs 
further. elucidation. 


You can think of innumerable small values for x for 
1 
eubetieueioas in each value nearer to zero than the 


others before: Ba the process of giving to-x smaller and 
smaller gales’ is endless, You cannot Say, at any stage, 
‘Now I have given you the smallest value. There is 
none smaller than this and nearer to zero than this,” 
But the actual value zero to x isto be excluded, because 


i 
then y becomes edual 6 and division by zero is meaning. 
less. Therefore we use Te phrase, ‘tends to zero.’ 


Conversely, at no Stage will you be able to say, 


“Well, here is the largest 
possible value of 
larger than this is. possible ringers 


ae 


eS Saito hed fies & 
25. CR RS EAS panes 
aS Sere ete ee ae 

2 cue ei 


There is a limit to your. 


DAILIES 25 
capacity to conceive of: la nd ° ; 
~ large num 
there is no such limit on ke ce Paar te Sey 
ie oe oe ee 
and when 9 ==" ¢hére deh Voth ten a 4 ate # 
an Ds there is no limit to the large. value 
ay y pe attain corresponding to a small value assigned 
O a is fact is expressed by. the phrase ‘“‘ the:value of 
y tends to infinity. You will now agree with me when 
- at cae it. is very wrong or unmathematical to say 
| the value of y is infinity,” For, from. the explanation 
given above, you find ‘that it is impossible to state the 
largest number and be sure that there is none larger than 
that. The phrase, ‘‘tending to infinity’ just conveys 
this very fact. a | ‘ol 


Definition of “ x tends to infinity ” | 
Given a number N, however large, if a variable x ‘ 


can assume values greater than N, then ~ is said to tend | 
to infinity. | | , 


This is written as x co, The arrow-mark stands for 
the phrase ‘‘tends to” and the symbol co stands for the 
conception or idea “ infinity ". 


There is no definite number “ infinity ” 


It therefore follows, as “ infinity’ does not stand for 
any finite or definite number, you cannot add to, subtract 
from, multiply with or divide by ‘‘infinity” in the ordin- 
ary way. You strictly avoid such operations wherever 
the phrase ‘‘infinity"’ 1s involved, unless and until you 
now full well what meaning is attached to such opera- 
tion with reference to their use with ‘infinity ”. 


(iii) A professor once asked his students, “ what 
is the number of stars in the sky 2” Anda boy answered 
“Infinity, Sir”. Was he. right? Definitely not! The 


26 FIRST YEAR ‘CALCULUS 


literary statement: . * The number of'stars’ in the SKY. ee 
infinite”, may be tolerated because. of-our: ea sage eal 
count the actual number (and. mind hod this i BUSS 
exists! ), But mathematically that statement is Serine 
“ The number ofistars inthe sky~is infimty *. 15 also hiaaec “s 
tabooed:;: it:is meaningless.:s. 8 0 8.0008 ra 

Gv) To fix up yout idea of the new Lats ae 
‘tending to infinity”, take .the series 1-2 -b 2 0.4.7. 
«tn Denote by §, the sum of a such terins where n 
is variable. - This. sum. grows . larger and larg ie ae ia 
becomes larger and larger. We can therefore say that 


Ea 


“S tends to infinity as n tends ‘to infinity. ae 
We put this as follows :— ie 
| arte eae ‘ 
n—>CO : 


Definition of a function tending to infinity as the 
variable tends to infinity. a ae 
_ The function ¢() is said to tend to infinity as ne. 
tends to infinity, when any number ny, however large, Is, 
given, we can find a number N such that for all values of 
n>N,¢d(n) > 1° - : : 


That is to say, however large ny may be, ¢ (n) > No, 
for sufficiently large values of n. | 


Less precisely we can say this, ‘‘o (n) tends to 


infinity, if we can make ¢ (n) as large as we please by 
sufficiently increasing n,”’ ! 


2:3 Examples leading up to the idea of a limit. 


3 C1 ) Suppose a regular polygon of n sides is in-. 
\ scribed ina given circle: Because the area depends upon 
the number of sides of the polygon, let the area of this, 


“pe eect APE AION VEE 
Ts 
- ? 
+ 


“LIMITS: OTF 


polygon be denoted by f (n}. + “The greater the number of 

sides, .the greater. would::be the:area, but being - an. 

insctibed polygon, its area, in any case, cannot be greater. | 
than the area of. the-circle.. .At the same time, the; 

greater the number of sides of the polygon, the ‘more: 

does the area of the inscribed polygon approximate to. 

that of the circle. In other words, given a positive 

number e¢: ‘(epsilon ), ‘however small; we can take 7: 

sufficiently large such that f (n), the area of the polygon,” 

differs from the area of the <circle™ by less than e, This: 

fact is expressed by saying that the “ limit of the area of* 
the regular polygon of n sides inscribed in a circle as nN: 
tends to infinity, is the area of the circle.” | 


In common language, we shall say that if the niimber® , 
of sides of the inscribed polygon is very very large, the: 
difference between its area andthe area of the circle is. 
very, very small, almost negligible. What shall be this. 
small negligible quantity? Well, anything you please to- 
consider as negligible. So we call it e, in general. 


(ii) As another fileseestion of the idea of a limit, , 
consider the definition of a tangent in geometry. 


p =i 


If Pisa-fixed point on a certain curve. and Q 1s: 
another point on it near to P, we can draw the chord PQ. 
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to P; we Set: ‘different 
is indefinitely’ élose:to P 
Palong theturve,- ‘the 
e..at Pe: Hence | ‘the 
cue PQ: ee 


nearer. and nearet 
‘hord PQ, As Q 
Q: tends to: 

t to-the- curv 
elon rof the ° 


As Oi is taken’ 
positions of the c 
or in other. words, as: 
chord is called a tangen 
tangent. at o. 1s he Limiting, 


tends to P, ahaeank. 
_ It. is sor noting “here , that es ‘the. purpose a 
at re) should. be. 


defining the tangent, it ‘4S, ‘essential | th 
nct points are necessary. to. 


distinct from P, as. two disti 
define ast. line.. Hence Q should not exactly coincide 


swith Pi See badger: 


Meaning of "x - al< 3 

Before we proceed further, 
¢he meaning of the ineq uality 

Now. | x —a| means: the numerical (i. e. ‘the positive) 
value.of x — 4, without regard to sign. For example 
47-3) |3-—7| = +4... So |4-—al< 5 means that 
the difference between “anda, taken positively, is less 
than 6, where of course, 5 must be a positive number. 
This statement can be broken into, two parts: 


dee 
tie 
Ps oe 


Gt‘isnecéssary ‘to examine 
1% —a| < 6° i | 


(i) if*>a,thenx-—a<o 
(ii) ifx<a,thena— x <0. 
By transposition, we s 
ee that these are . 
‘the following: ak 
If x >a,thenx<a-+04. 
and if x <a,thenx>a-— $ 


1.e. whether x is gre 
ater than a 
Must lie between a — danda + 6 or less than a, x 


Hence | x 
—a|<d meanst 
betweena —danda+t 5. oe 7 oa uave pa value 


 EIMITS «+ 


a ake following fig 
vivid: - ~ Henley lis =) oo Pate the; “point. 


188 y oof ei Va 
- aw? 7 
adh onal dies 5, re “ae ie 1 ‘3s aa ie fae 
i meat one a 
‘ ah 


i and .; 1. e. th Z nting =~ can ae ie lee betweem 
inequality |x —- a| < ry defines a neigh- 


bourhood of a= ‘a which i is of length’ 6 on” each’ ‘Side of it.. 


(We may note; in passing, that the points e and iM ‘them 


selves are excluded ). 


Definition of “ x tending to a’ 


Given a sositive” ‘number }, however small, if x cam 
assume values such that tx —a| <4, then x Is said to 
tend toa. This is written as %— 4. 


A particular case of the: above is when a = 0: 


Given a positive number 2 however small, if & can, 


assume values such that |x| <6 (ie. the value of x 


taken numerically with its positive iin) then x is said: 


to tend to zero. This is written as v 0, 


i : 
As an illustration, Jet us take x= 7° You know: 


yn tending to infinity. 
maller, and smaller. As n' 


what is meant b As n becomes 


i; 
larger and larger, ei. becomes § 


tends to infinity, the va 


can say here that * tends to ae 


Asxisa function of n, we 
definition too. ; 


lue of — — 1. pproaches zero. 90 We: 


can have the following: 


tives 
eens: 
oe content 
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. Givena positive rumbet'5- however zsmall,<if we can” 
find a number N, such that. for all values of n-> N- we’ 


have |f (n)| <6, then f (n) is said to tend.to-the-limit 


zero as n tends to infinity, This is written as:— 
f (ny 0 RES 
n> co “Or ° 
lim. f (n) =0- ere 


oe ahi nao ° os . ; thou 

ii) Take the function » = %., We shall. study 
‘this function in the neighbourhood of x =.2 i.e. for values 
.of.n near enough to 2. — ~ | 


9.60 Al 10. Fs 

mn O.oon o°9o 9 : 

DAMN. C999 . 
es an ; 


OU HOG pea 26-7. BOL: 
FROM THELEFT —= FROM THE RIGHT 


‘We have tabulated the values of »- for different 
‘values of x, as x approaches 2 either from the left or 
from the’ right, as shown by the above diagram. sib 


pts 1:99 . | 2997; - 1.998 | - 1-999 
y= 3-9601-- | +3-9880 “© 3.9920 3-9960 
SE LS SEN EE ESE PTI I TIERED 
= : 3 ee { ‘ ; 
pes 2-01 2003 2-002 2-001 
y= 40401 | 4-0100 | 4.9080 4-0040 


aera that as the value of x is taken nearer and 
toe, Le, as the difference between x and 2 be. 


Neen. 


FREE SE de! tab OLY See BLN | 


— 


lying in the interval ( 


another symbol ¢ 
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‘comes smaller and. smaller, the: aS ta ‘values Of 


-SRBO.Nn: approaching ‘nearer and néater. to: Ay) Lotani a: oe 


a9 you take’ more valdes of x ct are nearer eel 
to 2 Cand there is. no. end. to how near you:can go to 


2). the, more. .convine 
ingly. y you will tealise th ~ 
aches: 4, aie . ne ee: 


So: we say that for the function y = x?) y tends to 4 


| ‘as x tends to 2 or that the limit of x I is 4 as x tends to 2, 


To derive this conclusion? “we sée Pthat the walues’ of 
x in the immediate neighbourhood oe 2 are more gmpor 
tant than those farther away from 2. 10-" 


“We ‘used above the phrase, 2 in ‘the immediate 
neighbourhood... of ” which® means. ‘that the interval of 
variation of x must be very very small, How small shall 
it be, on either side of 2? ‘What is. your ‘idea of small- 
ness? To me 0-01: was small. enough. - ~ You might 
consider 0-001 more suitable, as it is smaller. Another 
might suggest ‘even a still smaller figure. But' the interval 


‘that we take should satisfy all; then only our con- 


clusions are of any value. So it is better to'use symbolic 
notation for the interval instead ‘of taking concrete small 
numbets of our own choice. S52 
Let us therefore use. the symbol 6 (delta ) to denote 
‘positive quantity, however small. Give to x values lying 
between (2-0) and (2+54) only i.e. within the 
small interval (2 — §, 2+). The. corresponding 
values of the function 1. e. of x? are (4- 4§ + &) and 


(4 +46 + 0) which shows that when * varies in the 


§, 2+6), y assumes only» those values 
4-45 + ®&, 4445 +8), 


for convenience let us introduce 
(epsilon ) to denote 46 +: 0, eis’ 


interval (2—- 


At this stage, 
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greater than: (—. 40:44:83). Souwe..cah:now -say:that: for 
the interval (2:~:6, 2 6) of x, we have. ascorresponding 
interval (4—¢, Ate) of 2. ta es yy tips BE 


-.* Notethat. eis a function of. 3. It issequally true 
to say; conversely; that ¢ is‘a function’ of *¢, “The: value 
of one depends upon the value of the other. Giver the 
value of «, we can get the corresponding value. of 8 by 
using the relation «= 46 -+-6? in, the. above case... Also, 
's seen that the smaller the value of e, the smaller the 
value. of 6 and vice versa." Liké'-§;\eis-also- positive. yee 


tag” eae 2 eer 
“ihe Sas be 


We on atest say that if y =? then; given a positive 
quantity «, however small, we can find a. small positive 
quantity 6, such that for , all values of x,lying in the 
interval (2 — 6, 2+4)..the corresponding values of 3 
lie within the interval (4- e446 )uiy cculne coal 

Therefore wé'say that“ lim, %? tase A OE | 
-_ Inthe above illustration we, find that dfx =-2, then 
x2 = 4exactly. The limit of the function as % > 2-is the 
same as the actual value of the function when « = 2, 
So perhaps you might be templed to straightway substie 
tute the given value of x in the function and put 
whatever value you get as the limit or the limiting value 
of the function. Such a'process may not sometimes be 

possible; it is, strictly speaking, not correct to do so to. 
Gnd the limit, nor is it necessary. (We did not consider 
the case when x = 2 at all above ). i 


The following example is meant to make the above 
statement clear, 3 
aha xt — 16 | 

(iv) Let y = f (x) Se We want to find 

the limit of the function as x tends to 4. Here we: 


PSLIMITS.. 2289 93s 
cannot substitute “= 4, because such ‘a pagcess, gives us 
r16 32 16'3520 


Tiana Ga i} Shick’: is ‘meaningless: ‘In ‘other words, 
f-(4) does not exist>~ 


. So let us age the behaviour of tHe fin ction | in ‘the 
neighbourhood of 4. For: this purpose, choose an)arbi- 
trary small positive quantity 5 ane put x= 4 + din the 


| above qupcHony We have 


se ad 


2=1@) = “(a4 816° 


(4+ sys 4: a 

164.854 8-16 gow oc eee 
= i 4p Pog ees te me) 
=8+5 


-- 8 +¢ (here e= 8) 
As $50, > 0 also. | a i 
Again, for-values of x differing from 4 by less than 6; 
the coepenene values of BS, differ from » 8 by less 


than e. 


Therefore we cay that the limit of f es ae x—>A4 is 8. 


If y=f@ eeu 


: Then lime, Y i.e. Jim. “7, (2)-= 8. 
x 4 


wad fk : 7 year 
Bt he 
or - ‘lim: ‘e ~ ) = 8. 

x4 x—A4 ne 


* In the above example we learn that although the 


value of a function for a particular value of the variable 
does not exist, still the limit of the function as the 
variable tends to the particular value, may exist and if it 
exists, it can be found out, 


3 
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-* In finding the limit above, we never. referred to’ — 
he Bertichiey. value 


x=4orf (4) at all. We exclude . £ 
x= 4, sy a 


oer the pOuD e0e oe : 
‘3 an =8. 3 ae AS “ice es : 3 


‘arse Teg 
; Os 


Solution: one, cs a8 a en 22h 2x +4) 
oe Bos a nee = 2 


Dividing the numerator 
‘ im, (x2 ++ a + 4) 


4 ‘ 
iy Reheat 


and the denominator by 
; ar | a2 


(x — 2) because x #2 
=4+4+22+4 


=12. 


* In the above working, we can’ legitimately divide 
the numerator and the denominator, by «x — 2 because 
« %2, What we actually mean is that if d is a positive 
quantity, however small, then x = 2+ 6 or2—6 and 
therefore x #2. Inthe last step we take cognisance of 

the fact that 6 ultimately tends to zero. 


The formal definition of limit may now be stated 


Given a positive number e, h 
. : , however small, if we 
find a number 6, such that | f (x) — Z| <e for all values 
of x satisfying |x—a | €, 6, excepé. possibly x=a, then 
f (x) is said to approach. the limit l aS 2 tends to a 

This is written as lim. f (x) = 

* Here a may be zero. a The' 

e student 

to write out the definition for Tim. f Ae =. ‘ advive 


STYMITS'¢ ee 35. 


Find out lim, mara) bi = 


and show that it is s equal to 3. 


Let us ae belows angie ed nite in. - whieh es 
variable x tends to infinity. We shall nag ne limit of 
‘the function as x00, , all .. Cai} 


(vi) Let F(@).= 


‘We wish to examine this function as x > ©9¢, 


. Take a very.large value for x, say 99999, Then 
«x +1 = 100,000. 


<2 


$4 = 0.00002 
f (x) = 1 — 0.00002 
= 0.95998, 


_ This shows that: the largér the value-of.x that we 
itake, the nearer will the value’ of f(x) betol. For all 
values of ¥ greater than 99999, the corresponding values 
of f (x) will always differ from 1 by less than 0:00002. 
So: we can say that as X > ©, fC)-> 1 


‘But the large value of x is zion Ss denote it 
by the symbol: N. ‘Denote the corresponding “small diffe- 
rence by e, (When N = 99999, we saw that e= 0-00002).’ 
Symbolically therefore ¢ is a function of. N and vice 
versa, _. 
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Now we can say that given.a positive number ¢, | 


however small, we can find a:\Jarge number N such'that 


for all values of x greater than N, the value. off (x) 
differs from a number I by less than ¢, then f (x) tends. 


ares 
gh'io, 


to the limit 1 as. tends to infinity. . .~ ~~ 


os, 


(vii) Let us take the geometric series 20...../10 4 S39 
Se a aT 53 53 Sao Dal eee 


You know the formula for the sum in this case. 


as 
oF a2 (0 $) 
1-5 | 


ie ‘ : * 1 e.- ese 5 = 
Asn. is larger and larger, an 1S smaller atid smaller; Im 
sl 
other words, Di tends to zero as n tends to infinity. 


6 Sy Oe 
na CO 


This is also put as “limit S, = 2’ or shortly as 
%—> CO, 


“Lt. S, = 2” or evenas “LS, = 2” and read as “limit 


of S, (S — suffix — n) as n tends to infinity is equal to 2”. 
Definition of a function tending to a finite limit as 
the variable tends to infinity. 


The function f (n) is said to tend to the limit 1 as n 
tends to infinity if, given a positive number 6, however 


QoS ELIMITE Tssis ne BF 
small, f () differs from 1 by less.than -§ for sufficiently 
large values of n, ; here) ae 

That is to say, given a -positive number 8, however 
small, we can get a number N corresponding to 8, such 


that f (m) differs from 1 by less than 8 for all values of n 
Sreater than or equal to.N.o2 62 fcsenoe et 


Definition :—Given a positive number. 5, however 
‘small, if we can find a corresponding number N such that 
lf @ =k = 6 whenever n >, N, then f (n)>lasn->o9, 


We write this as lim. f(n) =1. noo | 
* In the definition, nis an integral variable; so also 
in the illustrative example above. But we can also 


define, in a similar way, lim. f (x) =1 where x is a con- 
tinuous variable. | 


a ; —- x2+4 
(iii) Lastly consider the function - “ Here as 


x — 2, the numerator tends to 8, whereas the denominator 
tends to zero, So as x-—> 2, the function tends to infinity. 


For example if x = 1.99999, then 
x —2=0-00001; x?+ 4 = 7-9999599001. 


x2 


0? + 4 _ -759995.99001. 
x—-2 


Definition of a function tending to infinity as the 
argument tends to a finite value. 


Given a positive number N, however large, if we can 
find a corresponding small positive number 46, such that 
for all values of x satisfying the condition f(x) >N 
whenever | x—a] <6, then f(%) is said to tend to 
infinity as x tends to a. 
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2:4 ‘An important init. 8 


eee We. show that lim. ( = ) =1, 


“30°. 2! 


where x is measured in radians. | 
‘We'shall estimate the value of lim. (234) . where 
: pogeitises BAROE ES SO BPE yin 5 5 
a is “ieasuted ‘in radians. We notice that the 
nz are as follows —. 


corresponding values of x and 


! & - man (2:4) 


Xx 


0-5 0-9589 0-5 0-9589 
0:3 09851 ~.-03 09851 
or 0.9983  —O:1 0.9983 
0.05 0:9996 0:05 0:9996 


0.01 0999998 0-01 0.999998 


It is apparent that | Z 


we please for all values of x for which |x—0O]| i. e. ea 
is sufficiently small. In common language, we can “say,. 
that for very small numerical value of x, measured in: 


radians, sin x = x nearly. 


We can therefore infer that 
sin x 
= 


‘lim. = |, 
‘ x a . 


x20 


ie 1 | will be as small as: 


¢o 
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The above limit can be- formally established as 
follows :— | ee iti ati | 


In a circle of radius r, lettwo radii OA and OB contain 


a small angle x ( < z.), Let the tangent to the circle at 


A meet OB produced in T. Join ABalso. “Now - 
area of A \ OAB < area of sector OAB < area of A OAT. 


2 OA-OB sin x <4r2x < 20A-AT°. 
le, $Psina<grx < grr tan x. ne 
( Here note that the area of the sector is 3 ; rx where 
x is measured in radians ). } 
Divide the above inequality throughout by 4 r 


*» sli < %< tan x 

Divide by sin x which is positive fora small value 
of x, 
. Sho | 
sin x COs x 


Take the reciprocals of each of thethree positive 
quantities, 
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af, DA hee essing tt ¥ Riuev 2 Sead 
This shows that re always lies between 1 an 
cos x, But cos x —>las x 0. 
+ Sift 2 
lim. —— = 1 
a> 0 


2:5 Some general Theorems with regard to limits. 


The following theorems are necessary to solve 
examples on limits, So we state them without proofs in 
this elementary treatise. Their proofs can be found in 
any higher book on calculus, 


_ Theorem I . If ¢ (x) and ¢ (x) tend to limits a Bp b, 
then f (x) + ¢ (x) tends to the limit a b. 

Theorem II If lim. f (x) =a and lim. @ (x)= =b, then 
lim. f (x) xX (x) = ab, 


Theorem II] If lim. f (x) =a and c is any constant, 
then lim, c X'f (%) = ca, 


Theorem IV Iflim. f (x)= a and ais not zero, then 
; . 


as Ge 75) > a 


Theorem V If lim. f (x)=a and lim. @(x) = band b 


Is not zero, then 


lim, 


eo 
P(x) b° 
26 Illustrative Examples: 
1. Evaluate lim. wt — Sx + 2 


Lg 
Solution :— |j aie 7 
ution: tim, ae ast. (x=2)(x=1) 
: 7 x32 %“x-2. 


EMITS. (.~S a 
Cu x 3 2) = lim, (x—1) 
x2 


=] 


Note:—-In| the above type of example, let us see 


what happens if x — 2is not a factor in the 
numerator. 


Suppose we want lim, *t3*+2, 
X22, ,% 72 
we have Se +2 _ x(x-2)45(x—2)+12 
x—2 woo. 
12 


Paige x—-2 


As x2, ae => co, 

x—2, 
x? + 3x+2 
x—-2 
~—> 2. It tends to infinity. 


| 2x2+5x—7 
2, Evaluate ae pe a Pe ci 7 


does not tend to a finite limit as 


So 


As x—0, the numerator tends to —7 and the deno- 
minator tends to +7. 


—7 
* The limit asx 270 = 7=7- 1 


7 
\ or —1)" 
3. Evaluate lim. E {— 


n— co 


As wee eh oscillates between —l-and +1 
(=1" 


: . ° ° —> — co 
according as n is odd or even. -» ——y Oasn . 
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*s The limit of [1+ (| n-—> co is equal to jie 


tim. (Ve t1—- Vx ) =. 


4, Shag that’. 
x—> oo 
Sonnien ee lim. PvErI- VE) 3 : 
1 (vEti=Vz1 1 zie EL 
ee ees Vet le Mae x 


I 
5 
<< 
RS 
+ 
=) 
-- 
= 
8 


i 
yints Vet 1 tV% 


ie Bhd 
— 0 because as ¥ > ©; Vx+1. and A/x -> ©2 also. . 
5. Evaluate lim. [437] 
. ae 
xXxOoO 


We know that $m gn(ntl) (2nt1) 


l 


Lim. | 5 $7] lim. [tence n+) | 
i) 


n—> oo 
4 im oR Cn EY) 
pes 6n? 


l 


lim. 2(1+=) (2+4) 


y Le 1 because 


n 
ato 
== 5 


7. 
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. 4 : 
Pog 2 
6. Showthat lim: 3@-4e45 2 i. 
xtc LPP ZT ey i 
ii 
Solution :— wi ie 
Put y = —.8o that he 
aS 2-3 00, y—>0 if 
on oe oa | 
pee Oe eB ae hats 
a bo 28 Ex = 1 =. lim, Bi neaeee 
pr om pe ty 
few, Bey oH 
ce 
2 
7. Show that lim. (secx—tanx) = 0: 
“> 5 | 


asx> =z, 90. 

1 — sin x 

lim, (secx —tanx)= Se i aae ar 
Lo oy 

2 

J — cos ¥ 
y—>0 

2 sin? 5 


Dy 
y 20 2sin 5 C08 5 
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GS Dae tin tan 
(as sin 5 FO). = mer wae! 


8, Show that eae =r 


Soluiion:— lim. 
x— 0 


l 


| 


Lol! DO 


. 9 If aregular polygon of n sides is inscribed ina 
circle, the area of this polygon tends to be equal to the 


— 


area of the Circle as n-s 
formula wr? for the area of 


~ LIMItTs: 
45. 
°°. Usin 


§ thi 
ohe cirete Is obtain the 


A 
Area of the polygon =n x area of A OAB 


=n 20A; OB. sin AOB: 
se a y2 na Qn 
2 n 
, ead | 
. ' nr? . Om 
Area of the circle = lim. “3 Sin = 
n—-> co le 
x2 = 
5 lim. (n sin — ) 
n—>co \ 
| sin 2 
Ue ig lim 
2 N—>Cco 1 
on 
. wit 
: sin —— 
— lim. a7 me 
wit 
n 
ae 
Oar? 4: n 


Seat 
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cea yt flint: (257) 
r §—0 \. } e 5 


(where @ = = ) 
an 
= 772X 1 
ee 
2-7 ‘Exercises. 
Prove the following :— 


wh 1. lim, (x? -—x+1) =e 


ey 2—3x+2 1 
2. lim. GSS es 
| peg 2x? — 4a+3 Cue 
273, lim, (3x8 7244) Gs" 
x71 | a 


133 aT llx+15 . 


c a 
pan ae Es es 
7,, lim, HT! 
y—>] x—] 
,8, i sin 73 
Ee g30, %8 ~ T89 
V9 lim, —9%3-5x41 3 


( Se a Se 
j Epc WAGED = > 


IN Bie hed Se LAI MITTS, ? pss 47. 


be ' Mer Fah +; he — reves 
ALI, ‘lim: 4 
: h—0 oe 2 Te 
yeryd2. lf ¥ (x) = 3x4 x?, then _ lim. i Lett) 

| fs | h=0 ee | 
ms | 34 2x-7 

° | AS... sar x2 — 4x +3 ics 

& | a 


16. lim. (e-se44-2)=3 7 
2— 7x +10 UE 
17, lim, * = 0) 
%—>2 xi ae | 
es ; 


a . eee ee 19 75° Pooky Gye 4 
- G Sune xt —1 7 | Hine — 1 
“3o Gr Ee ete. | 


< . BF Clady ed) 


* a x2— Ax) 
<~ (20, eae Babe ES =2.. 


ee ee 
ie ae OOS +e — on FI = 0 ; 
22. lim. Mitze-VI= ee 


x0 


a 


48. FIRST YEAR CALCULUS 


Ho dds | 
4-424, lim. sin@% 9 4 
| x-0 * , 
“sindx 5 [ sin 5x sin dx z 
Rie oa sin 2x Flint cin 2a Sea in c. | : 
pene “sin 2x 2 
5 ge Ze A 
LG: oo . s it hi 
a . rai sin-+ % 7 
; 1~—‘cosx’? _ -l 
‘ A a/: 1 e : = —_ 
Koy par ie 5 ' 
: 
% x 28. dim, 1 —¢osmO _,_m? ors 
= g20.L— cos nd og: me ux. o. ‘ 
eee: af ose “SS we : 
JX x0 “28 as oa 3 Be 
eo. Yin Ox FCP 6 
x0 a2+bx+e 
31. lim aa + ba Oe a 
Bry od VA HP bX + Ca" 
32, lim. =. | 
X—- co 
1 
33. lim,» 2 eS 
K>aie8 ge > 6a? 


Lh 
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*% 395. lim, (sec x + tan x) = 
n> SE . 


36. “lim, Se tere a a ae 
ll /y—3 —1 | 


oe ica, A/a (WEEE S Vi} 


3 Lo 38. lim. 2nr sin ss = 2nr. Use this to’ prove the 


X32? CO 
_ formula for the length of the circumference of a 


_ circle, | : 

39, . 12 =.1.2222---. = 13, Prove it using the iz 
of a limit. | | Ne | 
2 10. lira et da roe 1 das OMe 
n—poe on 7 ok 


CHAPTER III 
THE DERIVATIVE 


3:1 The difference notation. 


(i) Suppose the velocity of a moving body at a 
particular instant is 3 ft./sec. and at the next instant it is 
observed to be 4 ft./sec. The difference between the two 
velocities is 1 ft./sec. The velocity has been increasing. 
We can indicate this fact also by putting the difference 
as +1 ft./sec. Ifthe velocities at any instant and at a 
subsequent instant had been 8 ft./sec, and 5 ft./sec. respec- 
tively, i. e. had the velocity been decreasing, we would 
put the difference in velocities as —3 ft./sec. The posi- 
tive or negative sign attached to the difference gives 
us more information about the nature of the variation of 
the velocity, as the time progresses. ‘‘ As the time pro- 
gresses’’ is important here for our investigation of the 
variation of the velocity of the body. 


Symbolically if t) and ¢, are two instants at which 
the velocities are respectively 1) and »,, then t, — tp is the 
interval of time during which the change in velocity 
is vy — Vo, where t, — tp 18 positive whereas v, — vy) may 
be positive or negative. 


The letters 6 (delta — small letter) or A (delta 
— capital letter) of the Greek alphabets, corresponding 
d ot D of the English alphabet are used conveniently to 
show the difference. This choice of the symbol is very 
appropriate, d — being the first letter of the word 


‘© difference, 


af 
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But the mere letter 6 or A cannot tell us the quanti- 
ties whose difference is taken. To give this information 
also, we use the notation dt or At to denote difference in 
time and év or Avy to denote difference in velocity. 


* Note the meaning we have attached to dt or dy, 
It is then evident that the combination of the two letters 
is a single symbol and not a product of two quantities, 
such as 6 and ¢t or 6 and », 


* In the above example t denoted time. Observations 
are made as time progresses. So ét is always positive, 
whereas dv may be positive or negative. This need not 
always be so, as will be seen in the following illustration. 


a1) While verifying Boyles Law for a given mass 
of gas, the volumes and the corresponding pressures are 
observed at different times, Here denoting the volume 
by v and the pressure by p, we have vp = aconstant. So 


if the volume increases the pressure decreases and vice 
versa, 


Let v, and v, be the volumes of the same mass when 
the corresponding pressures are p, and p, respectively. 
It then follows that if v, — 1, is positive, then p, —‘p, 
is negative; if v, — v, is negative, then p, — p, is positive. 


Using the difference notation we can put v, — v, = dv 
and p, — p, = dp. In this case dy as wellas dp can be 


either positive or negative, They are always opposite 
in sign, 


Ci) In general, if x and y are two variables, one 
being some function of the other, and if y, and y, are 
values of y» corresponding to the values of x, and x, of x 
then we can put x, — x, =x and Yo Vy = Oy. : 


De FIRST YEAR CALCULUS 


* xy =, + dx and y2 = MT ee Dees 
function, then 9, =f (%) and 32= pie his, we 
means that..y.-b oy =f (r+ 5x). Generalising t oe 
may say that if y =f (x), then y+ Oo age 8 
6y = i de 6x) <<) 


Sy = f (x + dx) — f @). 


Let us take a concrete example. Suppose y = fiye 


Put a-—b 
c2 1. Take two values a and b of x. 
i ee a=b+oéx. Then dy is the difference between 


the value of y when x = a and that when x = b. Denote 
these values by y (a) and y (8). 


= y(a)— 9 (0) 
=g@tqgt+il—-@+b541) 
= f(a) — f (6) 


dy = f(b + dx) — f (0). 


But 6 is any arbitrary value of x. So generally. 
oy = f (% + 0x) — f(x). 


* In the function y = f (x). Generally x is.taken as. 
the independent variable and y as the dependent variable. 
So to study the nature of the function, we generally take : 
any value of x, find out the corresponding value of y.. | 
Then we increase x a little (‘a little’. only because only 
thus can we study the function closely) and then and. | 
the corresponding value of Ve. 


In this case therefore dx is Dee whereas sy is- 
either positive or negative, 


; The graphs of two eects y= (2) Aaah y = @ (x). 
are drawn below to illustrate: this. point. 
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3.2.” Difference- -quotient. 


oe In the. éximple (i) of § 31 the quotient 
Vy 
4 — 
autige the interval t, — t,, or the average. acceleration, 


° gives us the average rate of change of velocity 


bv 
‘Symbolically therefore -. - stands for average acceleration 


év 
in this case. 5 is ca alled™ Fis Srila because 


at is the oe of. the. observed ‘differences between 
velocities at two patticular instants pu the® period 
of time. , 


* If the acceleration varies rou teint to" point, 
taking a large interval of time for observing the» velo- 
cities and then getting the average accelération during 
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the interval is not useful. It is better to know the acce- 
leration from point to point. This can be done by taking: 
observations at short intervals i, e, by making t).—t). OF ot 
as short as possible, Thenv,—v.i. e. 6v will also be corres- 


ov 
pondingly small. The difference-quotient 3 where ot 


tends to zero gives the acceleration at or about time to. 


fal 


, ou net 
In other words, sae y= acceleration at time to. 


(ii) Let y = f(x). We saw in example (ili); of 
§ 31 that dy=f(xt6x) —f(x). 


The ratio oy is called the difference-quotient, 


6x 
oy. fF atx) — 7%) | 
Pe Gage 6x 


To study the behaviour of a function closely at 
any point x), it is necessary to make 6x very small. For 
a small value of dx, the corresponding. value of é6y wilk 
also be small, 

For oie let y = = ered, 
~Whenx =1,y =3. 
Put x= 1-001 (here we take Soc 0. ‘O01) 
Then y = (1-001)? + (1-001) +1 
= 1-002001+ 1. O01+1.— 
= 3. 003001" } 
which shows that when bx = 0. 001, 4y = 0:003001. if 


The diperancé: -quotient: — 


‘~ 
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3°3. The Derivative. 


We saw that if y= f(x) then the value of Sy pet 
on the value of 8x. Thus éy is a function of dx. Now 
as 6x > 0, in most cases, dy>0 also. If dx is actually 
equal to 0, then riba 


éby = f(x + 6x) — f(x) 
=f(x+0) —-—f(%*) 
= f(x) — f(*). 
dy = 0 


so that the difference—quotient oy takes the form a 


which is meaningless, If, however, 6x— 0, it may be 


possible to determine lim. 22 
ee 6x — % 


The fundamental problem of differential: calculus is 
to determine this limit, if it exists, and to interpret it in 
its various aspects. 

Let y=f(%). Give to x two values aanda + i 
where h is small. 


Here Sx = hand W=flath—-f(@ = -- ey 


=—_ Rete 


If lim ‘Heth -f@ exists, then this limit is 
h > . 
called the derivative or the differential coefficient of f (x) 


éy 
atx =a. Itis the same as-= lim. be and this limit is 
; ‘Ox >0. 4 


“written as (52) or ae F@) when + x=a, | 
x=a 
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General definition of a derivative. 
The limit of the difference—quotient mee re) =f fe) 
| as 6x — 0 is called the derivative of f (x) with respect to 
x and is denoted by f' (x) 


Fete) ~ FC) jim oy | 


f' (x) = lim nM cams 
$x30 Ox  §x% 30 9% | 
The derivative of f (x) at x =a is f’ (a) and is obtain- 
ed by putting x =a in the derived function. 


dy d 
/ —- D,. —- i) are 
The various symbols f'(x), cP D,. v or ri fC) 
used to denote the derivative of y with respect to x. 


99 


The phrase ‘“‘ with respect to” is written shortly as 
“Oo r,t,’ We first choose dx; then find the correspon- 
ding 6y |. Hence the phrase ‘‘ with respect to”’. 


* In all the functions that we deal with in this book,’ 


whenever 6x0, dy—+0 also and the limit by ‘also -- 
mee? 6x0 ox - 
éxists, 


34. Examples to illustrate the method of. differentia- 
tion from first principles. 


Gye? Gd che alae ue of : 


First: Let us find the derivate at x = 2 
when x=2,y=4,- | 
“when x =2+h, y = (2+h)? Vo EEG POTD 
, 7 = 4+ 4h + h2,- 
ite 44+ 4h+h2-4 
“bx. Be: 
=4+h 


. @ 
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dy _ Sy 
x =x Mm, — 
6x0 %% 
= lim. (4+h) 
1 


= 4. 


Second: Let us find the derivative at x = a. 
when # = a," » = @ 3 

when x=ath; y=at+2ah+) 

dy a*# + 2ah +h? — @ 


Ox h 
= 2a +h, 
as = lim oy 
dx 5256 0x 
=- lim. (2a+h) 
h-0 
= 2d. 


Third: Let us find the general expression of the 
derivative for any value of x. 
Let «x change to x + 6x, 
Then y changes to y + Oy. 
y= 0? 
y + by = (x + 6x)? 
by _ (et ox PY 


$x 5x 
_ (n+ be - 2 
- Ox 


a + 2x (Sx) + (8x)? = 2? 
- 6x ; 


= 2x + dx, 
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dy ; éy 
dx 3 bx 
— lim, (2x + 6x) 
6x—> 
= 2%. 


Note: —-When %* = z @ = 4.4.6, 2X S 


When nea @ = 2a ie. 2 a 
x 


In general @. = 2x i.e. 2X %., 80 Wt follows that 


at x = 3, dy _2x3ie. 6 and so on. 
dx 


(ii) Find the expression for the derivative of 
eta tl and find the value of this derivative when 
x% = 2. 
Solution: —Put » = “2+ % it al 
Then vt dy =x t 6x )2 + Cx + wae + 1 


= 42-42%" xt (Sxyetat bet ~(2-+%+1) | 


éy 
== 2x: Se + (dx 2 + Sx ally 


oy 2a + 1+ bx 


=e Ee 


x 


_ 
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derivative at x = 2 to be equal to 5. 


ee ae dy 
ii) If y= J x, find 7 


59 


Putting « = 2 in 2x -+ 1, we. get the value of the 


y= Va 
y+ by = Vx + bx 
Sy= /x+ on —- Vx 
_ (V«t8e - Vx.) (Verde + Vx 
7 (/x + de + +/x ) 
ere Se 
Vx + ox +/x 
a 
Je bint Vx 
EL cgel se iin 
Sx A/ x Fox + Sx 
1 
\ dy _ ‘ EE ee ee 
de grey Vetted Vx 
| ee orn 
Ax + Vx: 
Se eo 
2 Sx. 


(iv ind, . inciples, the expression for 
« (iv) Find, from first principles, t : 

— the eae of ax2+2hx +6 and find the value of x 
— for which the value of the derivative is zero, 


Solution : :-—Put y= ee + 2hx + b. 


y+ dy = 


aCe EEDA Cet YEE 


The value of the derivative 1s zero 
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a | x? + once Sut (8x)? ] + 2ha +2h- 8x 
+b- (ax? + 2hx + 4) 

Qax- bx + a-(6x)? + 2h- dx 


ll 


= Sax + a-bx + 2h 


l 


6x 

dx 6x0 : 
= 2ax + 2h 
= 2(axt+h). 


—_—= 
— 


) } 
i, @. 2(ax +h) =0 when x = 


3.5 Exercise 


if 


dy 
If y = x3, show that ao 3x? 


x2 — 2x, show that a =2(x—1) 
| X% 


lf y = 
Hey ae chow that = _i 
x dx x2 
_i dy o- =2 
Ify = <1 Show that = eS 


What is the value of the derivative of x? — x + 4 
when x =1? Ans. 1. | 
For what value of x is the value of the deriva- 


tive of x2 — x equaltol?. Ans. x = % 


3-6 Derivatives of some standard forms - 
(i) Derivative of a constant ¢ 


Let f (x) = c where cis some constant. - 


Ga 
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Then f (x + 6x) = c also, 


6L 


FG). = lim. P(e + + 8x) —f (x) 


| 
e 
| 
I 


If» = f (x) = c, a constant, 


Then dy = (, 
ax 


(i) Derivative of a power. 
Let y = xn where n is a positive integer. 
Then y + dy = (x + 6x a 

dy = (x + dx ja — bx 


n(n— 1) 


= foment 1Cdx)+ Tae? (dx)? 


Oe a x) f oo) 


by the Binomial theorem for the positive intégeal ides 


aka = 1) 


by = nxn) (Sx) + 8-2 (0X)? becca nce 


terms consid ae powers of 6x 


3 pave ROD) 1) 


Ox 
terms containing fae powers of 6x, 


xn-2 (dx) + 
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Now take limits as Sx — 0. Every term of the right 
hand side after the Grst contains 6x as a factor, and hence 
tends to the limit 0 as §x—>0, Hence | ae 


ay _ him. = nxe 
dx §x-40 ™ 


my tag V 
If y = x" where n 1S & positive integer, then ri 
sa nent 

* We shall extend this result later to 
mn is any rational number. (see § 4-8 ) 
re x is expressed*in radians. 


the case when 


(iii) y= sin x whe 
y+ by = sin @+ 6x) 
. oy = sin (xt+dx) — ¥ 
— sin (x+é6x) — sin x 


Pee sin (x+6x) — sin x 
* Or 6x 


: 2 sin 9 cos (x ee 
6x 


—<= 


[ By the formula sin A—sinB= dsin = cos ar B] 


in 
ig 6x2 0 ox 
; Ossin. = CO 8x 
lim. Or ae wb 
6x 0 on A id 
sin Ox z | 
= lim, a : re 
$n 08 | gt ee] [cos (#+ oa | 
2 nage 


‘s 


3 


eB a 
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. Ox 
sin a 5 
= lim. oe, dd 
6x0 Ox a eos (+ =) 
2 


= 1 cos «| By theorem lim. = = 1 | 
60> 0. 9 


iat. 


®& 


. If y= sin x, then dy = cos x 
dx 


x being expressed in radians. 


ag 


(iv) » = cosx where x is expressed in radians. 
. 9 £ dy = cos (x + dx) 


. oy. = cos (x + dx) — 

cos (x + 6x) — cosy 

— ec sin —5— sin nO eo : 

Te | By the formula cos C— cos D = —2 sin <= sin ot? | 


| 


>. 2. Adee lim, ae 
- dx x30 OX *, 
see — lim. Login 5” sin (2+ &) 

~ 6x0 aa” 2 
‘ 6x 


{ 
i 
B 
a), 
2 
o,| 
R 
fas 
i 
| 
cn . 
dD 
“ae[s, 
aR 
ele 
| 
NY 
Liwraned 


(sin =) ER SS : - 
Fa gut L2 } fe hice ( 6x 
- = lim. al x mary a x 4+- I: 
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64 
©. sin 6 
—- 1-(—sinz) & lim. he 1 |. 
g>0. ; 
= — sinx | 
If y = cos x where x ‘s expressed in radians.. 
d . 
then @Y — — sinx. ; 
a 
(v) y= tan *. where % 1s expressed in radians.. 


y+ dy = tan (x+o6x) 
Sy = tan (xt0x)—-¥ 


[ By the fo 
~ ay _ 
os de - 


— 
— 


—d 
— 


= 2 “! 
= Loe z. | : a 


= tan (x+6x)—tan % 
sin (x-+6x) cos %— COS (x+6x) sin % 


cos (x+40x ). cos x 


sin 0x 
~ Cos (x-+6x)- cos xX 


rmula sin (A—B) = sin A cos B— cos A sin B] ) 


oy 
lim. “37 7 
6x2 0 6x | ia 
lim sin 6x 


$x a ck eee 


he 2 Lee ns], Exe: emere 3) cos ved 


sin 64 
Beet on, [2 = a lim. a. Leaet 
cos cae GEE cos x 


= sec? x 
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If y = tanx where x is expressed in radians, 


dx 


3:7. Exercise Differentiate from first principles (1) sec x 


| d 
then 22 = sec? x. 


(11) cosec x (ili) cot x, 


Ans:—(i) sec x tanx., 
(11) —cosec x cotx. 
(11) —cosec? x, ° 


3-8. Wlustrative Examples :— 


1. Find the derivative of sin x°. 
sin (x+6x)°—sin x° 


d sin x°) = lim. 5 
dx x—> (62) 
2 sin (=) cos (+ = 
= - Hi; - 
6x—>0 (dx) 


(expressing the angles in radian measure), 


i.e. putting we = ey 
yey GY 
5 i , 


5 
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(sin x°) = 1 x 7g Xx cos x 


S. 
aise 


. 1 
2. Differentiate aan, wit. ti x 


=5| = lim ~—5] + %& 
G2 Lerarme x—- 2 


= lim ae + 3x 
snd (#2) (at 8x2) © 


—l 
ecw ee 
kee 2)? 


3. Differentiate sin 2x w.r.t. x 
ee Cee ee sin 2 (x+6x)—sin 2x 
rn (sin me = ixod os ea ee ® 


2 cos (2%- + 0x) sin 6x ox 


= lim. 
6x30 | ox 
bx 
lim om :) x.2'x cos (2x+6 
6x0 ( Ox \ *) 


a lim (ee) 2x I rie 
7 im, - 
6x0 0x 5x0 oS 2 
#1: 2300827, 


= 2 cos 2x.~ | 


THE DERIVATIVE _ 67 
4, Differentiate x sInx w.r,t. x 


F(esinz) = jim, (2+8x) sin (x + 8¢) — xsin x 
sk 6x30 a (0x ah 

: = lim, <lsin(x+8x)~ sin x] +Sxsin(x+6x) 
eo. 8x30 Sx 7 


= lim, 


6x0 bx 


"os 
| 


~ lim. sin (x + dx) 
6x0 : 


= 1-x-cosx+sinx 


Be . = x cos x + sin x. 


- Wwe 


3:9. Exercises: 


Differentiate w,r.t, x, from first principles 


 @s 


CL)” AP ape (2) 3x? — 4x +1 (3) 8 — 9247. 


(4) <5 (5) > Ge + 1)-1 6) x sin 2x 


(7) cos3x (8) tanax es (9). : 


x2 +] 


(10) x*cosx (11) C2) x/ COS x. 
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Answers 


Ex. 3-9. 


1, 2x41. 2. 
| 4 ee, 5 ae 2 iGete sit 2 sr Ox COS 2%- 
> (x + 4)? * «x +1) 


Git ob, «8 3, 3x2 — 2X. 


7 —3sin3x 8 2ax, 9 bia 
— : sec2 ax, 7 —-° 
_ sin 3x a Ga + 1? 
, x cos x - sinx 
10. 2x cos x — x? sin ~. 11. a ae . 


cosx +x sin x 
cos? x 


a 


| CHAPTER IV 


DIFFERENTIATION 
41. Rules of Differentiation. 
Rule [. 


Derivative of a sum. 
Let y= y + v where u and v are functions of x. 


As x changes to x + 8x, let uand change to u + Su 
and'v -++ ov respectively, 


Then y+ dy = (u+ Su) + ly + dv) 
=(u+tyv) + (dutSr) 
= y+ (Su + dy) 

by = but dy, 
oy bu ov 
we a Te 
, dy _ 5 8y 
das sy bx 
réu. bp 
== «lim, 7, to Oe 
dx 0 Lo . 
Su lim oy 
mae Ox Tes esO On 
dy _ du, dy 
dx ‘dx | dx 
. If y=a+to, then 
dy _ du Bl do, 


ax ~ dx dx 
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Cor: 12 Th oy =u vy, then 
dy _du_ dW 


ee 


dx..-de “dx 


Cor .n2, tik yeutyp +p ee 

Where u, v, w...,.;are functions of x, then 
dy du, dv , dw, oe 
i Oe =F ae 2 a ofa ds. Satie 


Rule II. Derivative of a Product. 
Let » = wv where u and v are functions of x. 


As x changes to « + 6x, let u and v change to u oh. ou 
and » + dv respectively. a 
y + dy = (u + du) (v + bv) 
| = uv + vdu,+ udy + du. ov, 
= y+ vdu + udv + du, Sv. 
éy = vou + udy + du. Sv. 


by. a bu Bp, Sui by 

Gxt Be ae Tbe 

: 2 in 

. Lato WU: Buta, By $y 

Li saat a Mee toe &) 

i. =~ Jim: sett -+ du) 2 

i 90 

H = lim. v X lim. x. +. im, (ut du) x lim, oy 
it 6x0 éx—>0 °* bx _ ox 0 8x 


dx de E bu +0 as ix30 |. 


bee, : 
3 weve > Sa 
ie 

Ss 

Ree ; 
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Divide the above result by y on one’ side and by its 
equivalent uy on the other. We have - 


i dy eek. du Sty 


— 
— 


9.0% up” da ap ht ae 
If y = uv, then otek ee 


dy _ldu | 1 do 


— 


yde ude Ode’ | 
The above form is useful in extending the result thus: | 


Cor. 1. If y =uvw where ‘u,.v, w. are functions 
of x, then 


1 dy 1 du 1 dy pi dw 
y dx udx 'v dx “yw dx- : 
The student is advised to prove this for himself. 


* The result can be extended to the, product of any 
finite number of functions. 


Cor. 2. If y=cu where c is a constant and u isa 


function of x, then 


dys edu! de. 

‘duu’ du® "dx 
_ , #4 40 as cis a constant. 
ax.) E ak 


cu, then 52 = 6 Se 


If y 


Rule Ill. Derivative of a quotient. ; 


Let» = “ where u and » are functions of x. 
v 
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With the usual notation and its meanin 


_ uv + vou — uv — Udv 
7 y(v + ov) 


y—m— - Uz 
6x Ox 


g, we have 


Sy _ 0% 0% 
6x (vy + Ov) 
dy y 
——= jim, = 
dx 6x—>0 0x 
dud 
oo eal [ bv +0 as 6x > 0] 
du do 
= 2 dy is. dx dx 
If y ? then Pay 3 
J dy 1" dy 
Cor, If y= — Oe ee es 
r, ity y then Sree oe 


For in this case, in the relation yo 


| 


u 
ee =] 
v 

du 0 
dx 


pr 
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dv 
vO — ].—— 
ay _ dx 
dx p2 
—~ 1 d 
v2 dx 


42 Derivatives of some standard forms (obtained by 
using the above rules ), ) 


Il. y=tanx. 


( The derivative of this function was obtained in the 
last chapter from first principles. Here it is derived us- 
ing Rule III for quotients ). 


d ; d 
cos x. —- y= x= x 
Pe (sin x) — sin a (cos #) 


: dy = x 
hae - cos? x 
_. COS x-cOs X—sin x (—sin x) 
cos? x 
.., COS*% “> sine 
7 cos2x 
we 
~~ Cos? x 
- 2 
= sec x 
o » =. Seex 
=e 
cos x | 
d 
- dy a. ses -~— (cosx) by cor. of Rule If] ~~, 
dx cos*x ax , 
= ———— (— sin x ) 


Js 
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¥ nx. 
lf y = sec x, then’. = See 
y = cosec se 
i 
= sin x 
dy _— =l_ 4 (sin x) by cor. of Rule Hl 
dx sin?x dx 
=) =" COS; %. 
sin? % 
22 (28 = it. 
— sin x/ sin x 
= — cot x cosec Xx. 
_ d 
If y = cosec x, then ae = — cosec x cot x 
y = cot x. 
COS @ 
‘sin Xx. 
. : f d . = ; 
i sin ¥ 7, (cos x) — cosx a (sin x ) 
dx 


sin? x 


_ sinx(— sin x) — cos x-cos x 
epee ee Ee eS AW COR: 
sin? x 
i =sCsin? 4b Cos*-x,) 

sin? x ° 


Sa 


a 


be ei eh | 
} Sin?.x 
~ — cosec2 x. 


If y = cot a enon ee cosec” x. 


: 4:3. Illustrative Examples, 

il. Differentiate Witte ao 
e- 3x3 — 492 4.7, — 4 
- HX 


Put y = 3x3 — 4.2474 a 


iy a d t nye (ANS 
: te= ge “~~ (3x3) — da (A+ £ vy (7%) — ¢ 5 (5) 
| -. | =34 (43) — -4-4 (ay 47 4 7 (*)— af - (=) 
x eile = 3.342 — 42s + 7 -4 (2) i 


~oe2a4744.° 


‘ 2, Differentiate w. r. eae 
(x? + 3) (2% — 4).> 
@ Put y = (x2 4+ 3) (2x — 4), 


Let x2 +3 =uand 2x —4 = a6 that y= uv, 


dx ° dx baer 
49 4 Fea 3) xs aye 
iger ET (x + 3) (2x | 


= @x-4) 4 Fp P49) +243) F (Oe — y 
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d 
= (2x—4) E: (2) +55 (3) 4 +9) 


4 en - GO] 
= (2x4) Ox +O +(F +9) (2 +0) 
= (2-4) 2x t (0? +3)? 
= Ay? — 8x + 2x? + 6. 
= 6x? — 8x + 6. 


e found out by first mul-. 


*% The derivative can also b mi 
and then differentiating 


tiplying out (x? + 3) (2x — 4) 
-term by term. 


3 Ify=Qtnar x“) sin x, find o. 
Let ltx=4; 1+x27=9; sin x = w where u,v, W 
are functions of x. ; 


1 dy | ae ee 
ae aa eee —-— = caten . 
(1+x)A+4?) sin x dx  I+x dx (1+) 

1 d 
TF Tom (1+?) + in oe (sin x) 
ear) hee 
1+x J 1x (O+2x) + "cos % 
a: 2% 


dy 
ry a. aan (l+x 1 -2 r) | 1 2x 
dx 1+?) sin x | pa t+ Fp aa t cot x | 


aM, 


ee 


| 
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A tpt d 
: B 


gar ees 
Pet ee aC x*)= vy whe 
of x. re u and v are functions. 

u 
y= — 
v 

dy Vv du — x dy 

dx —2%___ dx 

y2 7 


dy _ (1— x?) < (x?) — x2 f (1 x2) 
_, Ch=x?) 2x— x? (—2x) 
(lL — x2)2 000 
— 2% — 2x8 + 2x8 
cl — x2)? 


ee 
(1 — x2)2 | 
5 ee ee 
cos x — sin x dx 


Put w= cos x + sin x and 
y= cos x — Sin X%. 


u 
: aelioe 
v 
du dv 
dy _ ° x ax 
ae 
(cos x—siN x) a (cos x-+sin x) 
Std Sag GL 
- d a 
dy = (cos x +sin x) ae (cos x — sin xy 


wee eee eae ee 


ae aes “(cos x—sin x)? 


6 Ify = se 


4.4, Exercises. 


ax 


(cos x—sin x)(—sin x 


+sin x)( 


_ (cos 
x (cos x—s1n x) 


_ (cos x 


\ 


(cos x — sin x7)? 


2. (cos? x-+sin? ).. 
(cos X¥— sin x)? 


aa ees 
(cos x — sin x)" 


y= secx + tan x. 


— 
r 


— 
— 


| 


dy 


—— = y sec xX. 


ax 


sec x X ¥. 


ca -- tan x, show that 


d r 
EY | sec x, tan x + sec@x. 


sec x (tan x + sec). 


nt a Sew —" 
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+cos x) — 


8] —cos x) 
sin x 


1 2 
_ sin x)2+(cos x+sin x) 


@. = y sec x. 


Ax 


Differentiate w. r. t. x the following. 


(1) 
(3) 
() 
(7) 
(9) 


(11) 


342%+42%? 


2x3—9x*®4+12x—3 


(x+1) (x%+2). 


(2) 


(4) 
(6) 


(x2+x—-1) (x2?-—x+1). (8) 


(1+x) (1+?) (1+<3) 


L+x 
1—-x 


(12) 


J x 


— 


(10) 


C3) 


5-245 - 
xt — 4934+ 442-3 
(a? 41) (2-3) 
xcosx—x2 sinx 
xsinx cosx 

__ sinx 


3 + cos x 


a¢ 


cps 
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| 79 
| at+bcosx 1 . 
Uae 05) a 

‘ oN 45 : me 

(6) - aa x+1 

x? — 3x 43 Yo Gey Ge) 
(18) If v=cos x+4sin x, find the value of x for wh.ch 
dy _ 
dx ~ 
(19). dt 47 = oe et aera for what value of x is 
(2x+1) (1l—x): 
dy 4 


(20) Ift=tan~ 


3: differentiate sin x, cos x, tanx and 
sec*x w, r. tot, Express the results in terms of t. 
4-5. Differentiation of a function of a function. 


Suppose y is a function of u where itself is a func. 
tion of x. yis sucha function of u that you can differ- 


entiate y.w.r.t.u. Again wu is sucha function of x that 
you can differentiate w. w. r. t. x. 


know how to differentiate y. 
Function of a function. 


We however, want to 
w.r.t,x, where y is a 


Let y = f(u) and u = ¢(x) so that y isa function of 
x expressed as 


y= f3o(x)} 


As x changes to x+6x, let u change to u-+duand let 


this change in u make y change to y+ Sy, Then we have 
the identical algebraic relation 


ay = oy , be provided du # 0. 
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Now as u is a differentiabl 2 function of %, 


Su—>0 as 6x 2 0 


Ds. an = 
ax Sx90 bx 
Se ie aes 
oy . =) 
= lim. a lim. aT 
5x30 (sr) Jim, Cae 
= lim. (=2.) lim. (= ) 
du—>0 bus Sy_5Q \ 
dy. du 
~ qu ax 
dy _dy du 


- dy 
1. In particular if y = ~, = ee a 


dy du 4; 9, 4%, au 
Goa a ae 
du 1. .G° 22 
a te da 

du 


Replacing u by y, we have if + 0, then 
aye inl pip ts - | 
epee which is a very important relation. 
dy 


2. If —- + 0, we may write the result 


% * 


vet 
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dy _ dy du 
dx “du * qeu8 
dy 
dy _ dx 
dus du — 
dx 


* 3. We may generalise the result of this article. 


Thus if y isa function of u, where wu isa function of v 


and vy isa function of X, 


4-6. Illustrative examples : 
1. If y = (ax +6), find dy 
a 


Put ax+b= 


Then y = u’ i.e. y isa function of u where u isa 


function of x. 


dy _ ay , de 
dx du dx 


=f (Ur) + Lae + b) 


= 443 x a 
= 4a (ax + b)3. | 
d 
2. lf y = sin +1) find a 
Put +1 =u. 
Then y = sin u 1, e, 9 isa onc. Or u, where u is 
a function of x, os os : 
6 
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dy 


dx 


—_— 


— 


dy, du 
du dx 


dog a (ad 
=z, (sin) ay (2 + 1) 


Cos u: aX 
2x cos (x? +1). 


e/--'3°- Differentiate cos? xow.r.t. x 


Put y= 
and u= 
y= 

2° Wee 

ee dx 

4. If y= 
Put. w= 
and v= 

“ y = 
dy _ 

dx 

If “u= 
Also a 


cos? x 
Cos x 


= y?2, a function of a function. 


dy | du 

duo dx 

d 7 d 
ag) de Lens # 
2u:-( —sin x ) 
—2sin x cos x 


= —sin 2X, 
sin x2 dy. 
find —— 
: dx 
sin x2 
x2 
u 
v 
' du ae dv 
dx ax 
v2 | 
a 9 . | 
sin x*, ie = 2¥ cos x2- 
x2 ‘en dv ot Dx 


and 


(<= ae 


ax ee 


2a 2 
age eet sind a 
4 — 
x 


im) 


CX 2 2 


SS 
Y = sin2 x3 find dy 
u= sin x3 
— x3 
y = uw where u = sin vy. 
dy _ dy du dy 


ogee ee 
" s (u?) ° cy (i vy): 2 (48) 


= Deb cody » 3x2, 


2 ° sin x3 * COS x3 3x2 \ 


= 6x? sin 2x3, 


4:7 Exercises: 


Differentiate the following. 


(1) 
(3) 


(5) 


(7) 
(9) 


(3x-+4)8 (2) (2x-3) 
(x2 +241)? (4) : 
ae (6) cos (-1) 
x2+1 | 
tan (x2+x«-3) (8) tan (2=+) | 
x3 cos? x (10) sin x+sin* x | 


san = ‘ aay te te ee pees 3 eee es | ee 
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84 
(11) sine 2) sin % sin x? ‘ 
(13) SS as (ire) Cee 
(15) tan 5 rates 0s) sin? 5 
(17) cos On sin 4x (18) x sec2 3x 

\ (19)°.Ge=1) tan? 5 (20) tant 5 see? x 
ary (et tY oe (2241) 


a 6 =r 
(23) V/V 1+ sin x. S€C 5 (24) Cle Dy 


(25) x3sin? x cos x. 26) 


sin = + cos > 


C27) sin? (5 + 2) 8) = 3 
sin > — COs > 


483 To prove that the derivative of x* is nx*~1 for 
all rational values of rn , 


Let » = x* where nisa Seed number me x" 1S. 
real. 


Case -(i), When, n is a positiye integer we have 


jis 
seen that ays nna}, 


dk [see § 36 Gi] 


ry 
? 
| 
4 
} 


DIFFERENTIATION 


Case (ii) When » iS a negative i 


“Then y= on. xm as 1 


Put 


Z= xX" so that Lo _ 
xm 


_dfi\d 


= emia 
z2 


et 1 
(acm)? "mx 


om 1 


21 


n.-1 


“mam-1 - 

= — m xm-1-2n 

—— mxe7m-1 
= ( _ m ) xl-m)-1 

= nx*-1 putting n for —m, 


Case (iii) Let n = */9 where p-is any integer, posi- 


tive or negative and q is a positive integer. 
Here yr nan = x bla = (x10) 


Put u = x1la 


Then y= ue 
. ay _dy du 
“* dx du dx 
BY fs... Cor Bok 945 


“du | du 
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| 
| 
| 


Sassen anemia aameeeiaatie 
a 
‘ 
, 
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© cus? dy metre ar 
Nowy =U? © 4 : 


by cases. (i) and. (ii)? 


and ‘i ey xila ayn x= Ud 


dx 
OF == gua! 
du 
dy pur-1 q 
piace =; 4 
ax qua 

= Dp yP-4 € 

q ( 


—_ P (xAla)o-9 
q 


= Dp axbla-1 
q 


= nxr-1 puttingn= 


aie 


If y = x”, then go = nxt-1 where m: is: any’ 


rational number. 


4:9. Illustrative examples. 
1 yHV x= x12 
oy es eee 1/2-1 2 -1/2— d a4 
se x Xx 3 x => =5 
2, y= (ax + djsae ai ee os: 
Put ax+b=u 


y= y3l2 a 
dy _ dy du . 
ax dx dx 
Bae ee nae eile ie bea 8. 


, 
By 
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= = (ax +b)12. 


‘ fos a= sin” (6) where m 1S any rational number. 

a Put u= sin nO and y = nd. 

y =u" where u= sin py 

and v= n@, 
. dy _ dy du dv 
“" dx du dp dé 

aa a (rim oF yee (sin va c, (n6) 
du dv 


m,Uerl cosy, ms 


l] 


' = mn sin-1(n9) cos (n9). 


98 = ¢ 
Vaxt+2hx+b 


4, y= 


Put u= px +qiv = aaa 


@r 
< 
\| 


+e 
Su 
= 
x 
S. 
= 
| 
Si 


\/axt + oh + b. p—(p%ta) aT 
a ax? + 2hx +b. ‘ ; 


Now v= faxt+2hx+tb 


_ wil2 where W = ax? + ahx T cer 
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dy __ dv dw 
dx dw dx 


=5 w 12 (2ax+2h) 


vaxth 
= gph 


to] 


_ ax + h 
a/ax?+ 3hx +b 
| (pe tq) (ax + h) 
‘ 2 2h b= aes SSS _—~— 
jy PNG + aha OT  Taxtt one rb 
dx ax? + 2hx + b 


=? (ax?-+2hx-+b) —(pxtqy(ax+h) 
> (ax? + 2hx + 6)” 


_* (2hp —aq—bp) + b (P—9) 
(ax? + 2hx + b) /2 


== 
— 


After some practice, the student can dispense with 
writing down the actual substitution and make the 
substitution mentally. 


5. The following examples will illustrate this: 


x 
y= J atx? 
Sa 1 
“af BEAL a Bo 
° dy = We ob te A Oe . 
S dx (a?-+ x?) 
She CaP alee" ee 
(atx) 


a2 
(a?-+-x?)9/2 
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= 6. vy=V cos2 Ve 
ay 3 1 
dx J as VS sin VE) 25.7 
_ _7sin2 Vx 
; | 2/x cos Ve 
9 . ‘ 
4:10 Exercises:— 
: i Differentiate the following 
1 ee 
(3) <p (4) (-D- 
x 
| sa ie 
(5) (3x+4) (6) Vi 
() Yt (8) (L+x) A+x?)-3 
x 
of Banee eee (10) x/x2—4 
© @) VJ 3x2+4x+1 
e 7 oe a eee 
: (11) / sin 2K (12) JV sec % tan x 
: (13) [x- ve =P (14) Vx (1- V2) 


7 | 1 a8 _ 
CS) a aaee ‘= : 6) aaa 
a : no TE ie 2 cane 
(17) Vz x2 a ae (18) / 1 +R tan? x 
} (20) sin x 


‘ 19) Af a+b tan? x ar 
fa (22) Va) 


(21) sin Ve 
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90 
4/ sin X a/ cos x 
(23) cos x : ( ve os / x 
A ee: | 2 + axe + 2b% Dba tb ( C | 
(25) Vea oy (ee 
(27) ve aos (08) fine %..cOS9 % - 
i 


(29) nee eee (30) a/ asin? x + bcos? x 
aA/ Gr a/ x+1l 
4-11. Derivatives of inverse trigonometric functions. 


The use of the important Cor. 1 of § 451s illustrated. 


in the following examples: 


d 
1 aes vomits find a 4 
y= sin7 1% x= ‘sin V . 
ax = cosy 
dy fit Fe | 
Go BS 1 
3 dy | 
= 1 
— 1 — : | ‘, 
If — sin-! x, then ay _. —==— 
® dx. V1, x? 
=a | 


-D | 
IFFERENTIATION |. - oY 


a ax 
dy — sin y | 
But ey ele 1 . 
. ax —™sin y 
dy 
Ba —1 
/1—=cos?y 
oe —I 
VT = x2 
If y = cos! x, then PY NE eo ae 
, dx a: 
Se TE y= tan71 x, find dy | 
dx? 
y = tan-hx": ¢; x = tan y 
ae = sec? y 
ar re 
= 1+tany 
==" x? 
Gye 7 Aue 
} But 7 = Chae See. 
ay: 
| _ dy 1 
. If y = tan™' x, then es REE 
eee We can similarly obtain the following : 
»dyecr acl 
If y= cot-1 x, then Ae 1 4 x2 
i | ' 


Dg ee ee 
— 


-1 “=. — 
sec-1 x, then dx SEs 


— 
< 
I 


7 Pee ek ied 
If y = cosec’’x, then Gy. © xVx2-1 
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A 12. Illustrative examples: 
dy 
_Ex. 1, Ifvy= sin-! ~, find oo 


— 
ot 


Xx 
Put u=—° 
a 


dy _ dy | du 
dx du ax 
__ 1 i 
VJIl-w 4 
wt i 
i tall 
sf 1- 
_ 1 
af a? = 32 
Ex. 2, If v= tan-1-, find Gy 
dx 
Put se ee 
Pe 
dy _ dy | du 
dx du dx 
lt+w a 
af heed 
eee ee 
a 
a 


e 
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Ex. 3. Yrux COs~1 Xx. 


Put u= x z 
and » = “ 
Vv COs-1 yx 


Y= up, 
dy _— dy d 
dx” dg tu ge 
== "COS-t ag 7 us x ce 
V1 x2 
= Cos~ 1 gy we 
1 — x2 
Ex, AL Uf qe panhd ($=) dy 
~ AL+ x find dx 
Method I. P Lax 
ut 1 ‘a a = U, 
Y= tan-1 y. 
dy _ dy du 
dx du dx 


d+) (-1)-(=—x)-1 
=o ° (l+x)? 


of a ee 
l—x\? (+x)? 
1+ € —) / 
oh 
~ (l+«)?+ (1-x- 
pace 5 
~ L+x? 
1- 1-—x 
Method II, y= tan-* ee = tan’ j + ie 


Put 1 = tan _ and x = tan @. 


mores 
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1 fe tan 0 
tan | 


L+tan 5 tan 0 


ey pag 
dy _ dy do 
-* dx dO dx 
is d - ae 
oer (tan x) @=tan"'x 
a 
, be 


é 
= 
lI 


tan~! fps 
Jia 8 


cos 9 Nea tg 


= tan-! (tan 9) 


. y= | 
dy _dy a0 
“* dx dO dx 
=1 cs (sin-1 x) 
ax 
1 


Gr. 


DIFFERENTIATION 


Ex, 6: If'y = tan-1 [oe ) dy 
. I+sin x find ax 


Put x= 5-6. 


< 
| 
ct 
ed) 
Ha) 
ray 
ec, 
— 
Tt ha 
es fo) 
5 ” 
Fn | a, 
ye) po] 3 
| | 
D D 
|] 
an are 


sin 6 
moo 


2 in 5 OSs - 
=tan-1 
coro 


4) 


= tan7! 


* yas 
dy _dy , d0 
dx dO dx 
“A aera 
2 az (3-2) 
1 b| 
=3(-D=-5; 


4:13 Exercises :— 


Differentiate the following. 


1% Lee gig a. 
(1) .cos (2) cot 3 


(3) sin-! x (4) tan-1V/x 


95 
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1 
(5) secttax , (6) sin-! (=) 
(7) sec? J 1+ x? . @) cos~! A/ 1 — x? 


By sa (n= 

(9) tan-t(Ft#) _ 0) tan"! (FP cose 
., (1-x\~ ) 4 

(11) sin-1 € ) (12) x tan-* x 

(13) sin-! (cos x) (14) cos~? (sin x) 

(15) tan-1 (cot x) (16) (1+?) tan-' x-—x 


(17) a/ 1 — x2 sin-! x—-x 

(18) sin-! x +sin-1 4/1—x2 

(19) tan-!x+tan-! (=) — (20) cos-! (2 cos 8) 

(21) If =A/1+ x2 cos (tan-1 x), prove that a. = () 
4:14 Miscellaneous Examples. 


Ex. 1. Consider the function x?+y)?=a?.“Here y is a: 
function of x and vice versa. For, given a particular value: 
of x, we can find the corresponding value of y and vice: 


l 
versa, To find =, we proceed as follows :— 


dx 
x+y? =a? 
y2=a2— x? 
y= Va x2 
dy 2-1-2 2% 
dx BV a—x 
—X 
= 7S 
met 
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Compare the above method with the following 


method. 


Alternate Method. 


“2 2— q2 . ; 
Take 27+4°2=@4 and differentiate every term on both 
sides w. rt. t. x. The derivative-of one side must be equal 


‘to that of the other of the two sides of an equation. 


d.., d d 
dn P+ ae) = Fa) 


Remember that y is a function of x 


Because 7 is a function of y where y itself is a func- 
tion of x, therefore y? is a function of a function. 


The above equation becomes 


2x + 2y — O (% ais a constant) 
dy. _ =% 
ax y 


The advantage of the above method will be seen 
clearly in the foliowing example. : 


| d 
Ex. 2. Lf ax? + 2hxy + by? = 0 find = ; 


From the equation, it follows that y is a function of 
x: but it is difacult to express the value of y in terms 


of x alone. So to find a we proceed to differentiate 
. bg ‘ 


both sides of the equation as below, w.r.t. x 
7 


REE ta 
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d 
d d (py) =—- ©) 
f. (ax®) + Ge he) ax (oy) = ds ( 


d on at 
gant 2h& (xy) + Ge (4 = 0 

4, 5 d : d cao dy =0 

Qax + 2h Es aeaere (x) | +b ay (y?) ie 


ms 
2ax + 2h [2+ o1| 4 hp» 2ys Agi 0 


dy + AY 
2ax + 2hx be 4. Qhy + 2oy oe =() 
dy _ _ ax thy. 
dx hx+by 


Ex, 3. We work out again illustrative example 4 
of §-4:9 to demonstrate how the new idea that we have . 
introduced in this article leads to ease in calculations. 


+g a 
ve A/ ax? + 2hx +b on dae 
Squaring both sides, we have 


ee 
ax? + 2hx +b 


y2 (ax? + 2hx +b) = (pe + . 

(ax? + 2hx + 6) ay @ oe (2ax = oh) 
| = 2 (px + a) “p. 

(ax? + 2hx +0) y oy =p (px +4) _ y2 (ax h) a 


dy _p (px +g) —¥ (ax +h) 
das y (ax? + 2hx + 5) 
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7 (px + q)? 
b (p%-+q)— ax*+2hx+tb 
— (px+q) 


Vaxttoheek (ax2+2hx +b) 
_ (x +q)(ax +h) 
ax?+2hx+h- 
A/ ax2+2hx+b 
_» (ax2-+2hx-+b) — (px-+q) (ax-+h) 
7 (ax? + 2hx + b)3/2 


_ « (2hp—aq—bp)+b (p— q) | 
(ax?+ 2hx Lby3? 


(ax +h) 


A.15. Exercises:— 


e 
ne 
Find 
t+ | 
{ (1) 
(3) 
» (5) 
3 (7) 
: (9) 
& ~ (10): 
Ex. 4-4 
1, 24+8x 
: 3. 6x2— 


DS, 2x+3 


oy in the following cases :— 


x? + y2= 5 (2) 2Qa2+3y2=4 © 
x 2 Vr. 7 ake 
- 5 1 (4) mal 

2 | 
aes Bo 1 Oy a se" 
a 


vielend +y=0 (8) #-xy+7y=0. 
cs + Dhay i? + Box ty Fo 0 


Answers 
6 2-2 
Be 
18x+12 4, 4x8—12x?+8x 
6, 6x%?-6x+2 


ae 


100 


19, 


14, 
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Ax3—2x%+2 8. cosx (L—x*)—* sin x (Lex) 
684+ 5xt+4x3+622+2x+1 | 
| einai eee 
2sin2x+xcosax OG — x)? 
Lie) 13 3 cos x +1 
a—7¢ (1—x) "  (3-+cos x) 
(a2—b2) sinx 5 asec? x 
(b+a cos x)? , oT" (Ll -tan x)? 
— 2x2 — 10x + 19 | 17 HP 2x TS 
(2—3x+2)2 *  (x—-1)? (¥-2)* 
naw where nis any integer 19, ¢ 
20) =e 2 (1+?) 1- Dt 
(1 +1232 ’ (1+12)2’ (l- 0) (1—12)4 
JAG Coos | oe 
o(arTe)e- : 2. 10 (2x-—3)4 
| | —2Qx . 
bd | 6 = 2x sin (2-1) 


@+ip 


(2% +1) sec? (x? +e- lk 8 es sec? (255) 
on eet ae sin Da: J 10, cos x (142 sin x) 
sec? x (3 tan? x +1) i 
cos x sin x*+2x sin x-cos x2 
3 x? cos? x | x cos x (1+sin? x) 

sIn x ree sin? % 


1—x? 


ge lek ae 1 x 
Cae)" a De 2 


a Y rede 


x+a2 
AC x13? 


1oL 


DIFFERENTIATION 
: sin x bi 
36. ? On ay a~ fee " 17. 3:cos 6x+cos 2% 
18. 3 x? sec? 3x (1+2x tan 3x) 
19. Sseasre ta (x3 ~1) tan 5 sect 5 ae 
20, tan oy ae ++ tan?) (ie tan?®) 
: x3 a (eI 
23, = soe ( use / 1+sin x x sin 5 = oi z) : 
a 2) D) = yi COS 5 : 
,, 2x (l—x?) Pfs nene | 
Ps Cras coy are eran; 
25, x3 sin x (2 cos x— 35 +3 x? cos x (t= COs $2) 
b 2sin2 x , 1 
26, ‘al ae cos2 x)2 a) a7, 5 rs x 
fl a: ; ~ 
op) : a 
- sinx—1 | 
fo pie 
9 2 ( at ) oe 
9, ie cays sec beta) = 
30. yay sec (x°-+45°) tan (2°-+45°) 
ix, 4-10. 
oe eee, — = x- 5/8 
1, 5 x 2. x 3 a 
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29, 
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1 — 2x - bo 9 — 3xte 
(l+xF * Ga? t 4a + 19% 
2 (ah 2) uW COS 2X _ 

a/ (x? — 4) "  /sin 2x 

1+sin? x - 13 2 2 (2x? — =1) 

24/sin x cos2x “a/b 2 

i. ea 
2° Sx x24/Qr — x? 
al x3 — 2a2x 

(x? = 4 )3/2 Li. (x? a az )3i2 

Mtanxsec?x 49 _btan x sect x 
V1 + kh? tan? x Va + 6 tan? x 


cos \/x o1 | cos A/ x. : 
D) — i es 
Vx 44/x: sind/ x 
ax — (at b) 23 1 + sin? x 
24/(x—a) (x—b) 24/sin Xx COS? x: 
cos x sin'Vx — Vx sin x cos Vx | 
2\/x cos x cos? Af 2° 
is: eece, | 
2/x(% — 13/2 © 
(aB — bA) x? + (aC - cA) « + (BC — cBy 
(ax? + 2bx +c) (Ax? + 2Bx + Cys2 


Val — 1 (#41)? 
28, 


sin’-1 x cost"? x = cos? x — q. aes x] 


Lins 30, ’ (a— b) sin 2x 
24/4 +1 sue | 2 Vasin?x +b cos 


‘? 


BSB = 
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Ex. 4-13. 
page ale. "ao a2 2x 
i. 4/ Qe — 2 a: gage 3. ese 
4 ines eee 5 ee id ; 
( 2Vxed+tx) 7 t0/4x2—1 © 6. xr/ x2— 1 
ee Waa 9 [42 
1 ee eons | 
13. -l1 , 14. -1- ~~ 15. -1 | 
16. 2x tan-1y WA Var = sin-1x 
1 2 sin 6 
18;-0 i9, 0 20 JT4 =o 
Ex. 415 
us ag 9x — Ux 
De ap PET Gy SP ay ay 
b2x C2 
5 ay 6 — 9 or "ag 7 —l 
3 y—2y 9 _ extyté4 | "| axthy+e¢ 


l4y—x x—6y+3 . hatbytf. 


CHAPTER V- 
GEOMETRICAL MEANING OF DERIVATIVE 


5-1 The slope of a straight line 


We have drawn below the graph of the function 
‘y=3x+1, Here y is equal to a first degree expression in 


x and the graph of the function is therefore a straight 
iately called a 


line. So the function 3x+1 is appropri 
linear function of x. , 


Ordinates AA?, BB!, CC!, DD! and EE! to meet the 
graph of the function are drawn at x=1, 2, 4, -3 and 
—2. The co-ordinates of the points on the graph where 
the ordinates meet them are also shown. To measure the 
increase in the value of yi. e, of the function 3x+1 as x 
increases, perpendiculars AP, BQ, and ‘DR (to meet EE! 
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penne Se It is easy to note that the triangles 
are all te wei 
ZRDE= 0, the angle. ma similar, PAB = ZQBC 


de by the st, line raph with 
the positive direction of the x— ae grap 


BO DR = ° Where each of 
the ratios stands for Mgt | 


change in the value of y- | 
increase in the value ot x 


This shows that elineceey be aS tera of x that 
we take, the ratio between the change in the value of y 


and the increase in the value of x is the same, being 
equal to tan @, 


This fixed ratio (equal to tan 9) is called the slope 
ot the gradient of the st. line, 


Definition :—The slope of ast. line is the tangent of 
the angle made’ by the st. line, with the vositive direction 
of the x—axis, 


* Note that the convention of measuring the angle 
with the positive’ direction of the x — axis sea be 
strictly followed. : 


* In order to get the correct angle made by the st. 
line with the positive x-axis, i. e. the angle whose tangent 
is equal to the slope of the line, it is essential that the 
units on the x—and y—axes should be the same. ~ 


For example, we know that: the slope of the line y= = 
is unity i,e, tan 45°, Draw this line taking 1 in. = one 
unit both on the x—axis and onthe y—axis, ‘Then the 
line will make an angle of 45° with the positive x-axis. 
Draw the same line taking 1 in.=one unit on the’ x—axis 
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and 2 in.=one unit on the y— _axis. This line will make 
an angle of about 64° with the positive x—axis. Why? 
What will be this angle if the units are # 1n,=one unit om 
the x—axis and 1 in.=one unit on the y— axis? 
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resenting the function 


In the case of the st. line rep 
being equal to 3. 


y=3xr, the slope has a positive value, 
But it need not always be so. 


Take the following example :— 
ax+y=3 ie, y= — 2x43. 
Here is the graph of the function. 


ie again the ee ABP, and CDQ. are. 
similar: 
scar = QCD =(18) - ¢) where @ is the angie 
et ween the st. line and the positive direction of the X-AXIS 


2 tan PAB= = tan QCD. = tan (180 - =O). 2 


PB ur ac'sD 
eC ap= ay tan » (80 -¢) 
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le oa “ 
re ae = tan (180 — 9) 
But tan (180 — @)=— tan @ 
tang= ~2. 


In fact tan ¢ is defined as the slope of the st. line. 
So this st, line has a slope equal to — 2. 


The two cases above show that if y = mx +c, where 
m and ¢ are constants, then m, with its proper sign, gives 
the slope of the line representing the function. 


Any linear equation can be put into the above 
standard form, 


Let 2x —-3y4+4=0 


Then y= Sats 


2 | 
which shows that = is the slope of the st. line represent- 


3 
ing the function. To show, in general, that if y=mx+c,. 
then m 1s the slope of the line, is easy. 


Take two values a and bofx whereb> a. 


The corresponding values of y are ma +c and mb eG 
Tespectively. - : 


change in the value of y 


Slope of the line = + cease in the value of x 


_ (mb +c) —(ma+c) 
~ pa 
is AOS) 

b-—a 


=m, 
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ij Differentiating y= mx + Cy with respect to %, we 


get a =m. This also shows that the derivative of the 


ax 

function y= mx+cw.r.t. x gives the slope of the graph 
of the function. In the. case of this linear function, the 
derivative is a constant (m) and therefore the slope is 
also constant at all points i, e. for all values of x, This 
-fact enables us to say that the graph of a function of the 
type y= mx +c, must be ast. line, for only a st. line has 
the same slope’at all points onit. A graph which is not 
‘straight, but curved, does not have the same slope at all 
points, as will be shown later. 


5-2. Exercise. 


1. What are the slopes of the lines representing 
the following functions?- es, 


. - Ci.) Cy = SuF4ss (ii) yt3x=-1 
fai a+ eae a aj 
GD Soaps 5 ath Hee ee 
(v) y= — (vi) x= 2... 


Draw the graph in each case and say where it cuts 
the y-axis in each case. , fan’ 


2. ‘What is the slope of the line xX COS “by sin x=p? 


5:3 Tangents to a curve. 


The tangent at a point Pofa circle may be drawn 
accurately by constructing it at right angles to the radius 
through P. No such construction exists for drawing. 
tangents to other curves, 


| 
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Consider for example 10y=x?, Draw this curve from 


the ee table of values taking 1 inch to represent 1 on: 
each axis, 


a a 0 | 04 0-4 | | 1 | 2-5 
SER See see ee oe 

Draw as accurately as you can, judging by your eye 
the tangent at x=2 and x=5. Determine the 
gradients of these tangents, Compare your answers: 
with those of other members of the class and note 
that all do not quite agree. This is rather unsatis- 
factory and therefore we shall learn in this chapter. how: 
to calculate the gradient of the tangent at any point of @ 
curve whose equation is given. It will then be possible 
to show by calculation that the gradient or slope of the 
tangent to the curve of 10y = x? at x = 2 isexactly 0-4. 


and that at x =5 itis1. Compare your answers with 
these figures. 


3:6 | 4:9 


Although we cannot draw it accurately, we assume 
that at every point of the curve there is a definite 
tangent. Let 10y = x? be the curve traced out by the 
headlamp of a car moving on a curved road and let P 
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denote any position of the lamp. Then 1t the headlamp 
throws a narrow beam of light straight ahead of the car, 
this beam would lie along part of the tangent at P to the 
curve 10y = x?. The tangent maintains all along its. 
length the instantaneous direction of the motion of the 
‘lamp at P. | 3 | 

Now consider a more geometrical way of looking at 
the tangent at a point of a curve. PQ isa curved railway 
line on which a locomotive is travelling from Q to P. 
Imagine that it is night and that a boy crouches in a 
thole dug between the rails at P with his eyes just above 
the ground level. As the locomotive approaches, he 
‘keeps a narrow horizontal beam of light focussed on the 
‘bottom of. the front coupling. The beam PQ : passes 
through the positions PQ,, PQ,... and settles down in the 
position PT.as the locomotive thunders over the boy's 
hhead. PT is the tangent at P to the curve PQ. 


Pp 

P’Q,, PQ, ... are chords (not to be tegarded as termi- 
nating at Q,, Q, etc.) of the curve PQ. PT is the 
position in which the variable chord PQ settles down as 
Q approaches P. The tangent at P is then said to be 
defined as the limiting position of the chord PQ as Q 


approaches P. The point P is called the point of contact 
of the tangent. 
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5:4 Definition 
— : the Jone ofa curve at any point 


a) 


ad oe 


_ Definition:—The slope of a curve at any point on it 
is defined as the slope of the tangent to the curve at that 


point. , 
In the above figure A is any point on the curve of 
the function y=f (x). The tangent tothe curve at A. 
meets the x—axis when produced and ¢ is the angle 
between this tangent and the positive direction of the. 
, “—axis, tan ¢ is the slope of the tangent at A. Therefore 
by definition tan ¢ is the slope of the curve at Ae S 


a& 


With this definition, if the graph of a function is a. 
curved line, the following. figure will show the slope.of 
the curve at different points ofthe curve is different. 


It varies from point to point. 


pe 
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We know the graph of y=x?. It is drawn below to 
show that it has diffe-ent slopes at different points on it}. 


5.5. The problem of finding the slope of a ee 


According to the definition given above, if we want 
to find the slope of a curve at any point on it, we have 
to first draw the curve from the given functional relation: 
between the variables x andy. Then at any point on the 
curve that. we want, we have to draw a tangent to the 
curve. Wethen measure the angle between this tangent 
and the positive direction of the x-axis.. The value of 


the tangent of this angle is the. slope ae the curve at 
that point. 


To do this practically is not always easy. You must 
have experienced how difficult it is even to draw = 
smooth curve 10y = x2. It is a free-hand drawing; 
its accuracy, after all, at all points is not very high. To 
draw a tangent to this curve at any. point on it, accu- 
rately, is still more difficult. A little error in drawing. 


£4 


v= * 
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this line will result in some error 
measured. Consequent] 
be inaccurate, 


in the angle 
y, the.value of the slope will also 


A theoretical method of knowing the slope of a 


curve at any point on it is therefore badly needed. 
Calculus gives us such a method. 


| 56. The derivative as the Slope of the curve or the 


geometrical interpretation of the derivative. 


Fle ke teal 


~_—o 
te 
oo 
o* 
(c- 


Consider the curve of any function y = f (“);2 Take 
any point P(x, ) on the curve and another point Q 
near it whose co-ordinates are (x + dx, y+ oy ) where 
6x is a small positive quantity i.e. a small-increase-in 
the value of x. Draw the ordinates PP’ and QQ’ to the 
curve. Draw PR 1 to QQ’. Join PQ and produce it to 
meet the x-axis. Let ¢@ bethe angle between PQ and 
the positive direction of the x-axis. 

Then in A POR, ZQPR = @¢'; PR= dx and QR=5y. 

tan ¢' = tan ZQPR = ois = oe 


As Q approaches P, in ‘the limit, PQ becomes the 
tangent PT to the curve at P. At the same time, i. e. as 
Q approaches P, in the limit: dx > 0, 


8 


f 


tore ae LT EOE 
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tween PT ‘and the 


and ¢ > >, the angle be 
positive direction of the «—axis 
tan ¢’ > tang 
|. For this reason we can now say that 


tang = lim. tan p- 
Q-P 


| 
“ns 
aC 
[2 
_ 
Lae} 


The symbol ( oy. ) means the value of the deriva- 
v Pp 


tive of y = f(x) at P. But tan @ is the slope of the 
curve at P. Therefore we have: 


\- The value of the derivative of a function y = f (x) 
for a particular value a of x, is the slope of the curve of 
the function at the point where x =a. “\ wn 


57. Illustrative examples: : , 


1. Find the slope of the curve y = x* where x = 3. 


Solution: -. y = 2? 
Differentiating w. r. t. x 
7 a 
Oe iD 
dx 4 


= 2% 3:=.6 


“——™ 
Qu} Qu 
£8 
—S 
a 
N 
| 


The slope of the curve at x = 3 is 6. 
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2, What is the slo 


be of the curve xy=c at x=i? 
Solution :— xy = ; 


C 
C ° 
y= — 
x 


Differentiating w. r. t. x 


(apy natn 
N ax ye 
(<2) i448 
\ ax. x=i (3)? 

= — 4 


The slope of the curve at x = Lis — 4c. 


3, In the above example, at what point on the curve 
ais the tangent to the curve perpendicular to the x-axis? 


Answer:—lIf the tangent is perpendicular to the 
x-axis. Thenthe slope of the curve at that point is 
tan 90° i.e. infinity. 3 


dy c 
Here Fee pee: 


& tends to infinity as x > 0. . 
. | 


The tangent to the curve at «= 0 is. per- 


pendicular to the ~-axis. 

4 In the curveofy = sin x at what points of the 
curve are the tangents to the curve @) are to the 
x—axis (ii) inclined at 45° to the positive x— axis: 


Solution: — y = sin x 
Differentiate w. t.t. % 


a dy =— s;cOS x, 
ax 
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(i) At points where the tangents are: parallel to 
the x—axis, the slope of the tangent, i. e. of the-curve is. 
zero. 

» © = 0ifcosx = 0: 


dx 


TT. 
But cos x = 0 wherever x = (2n + 1)'5 where n is 
any positive or negative integer.. 


ay 
dx 


x = (2n +1) 5 


= 0 at all points of the curve given by 


The tangent to the curve of y = sin x is parallel 
to the x—axis at all points on it given by x=(2n + 1) = 
where n is any positive or negative integer.. 

(ii) Where the tangent to.the curve is inclined at: 
45° to the positive x—axis, its slope is tan.45° i.e. 1. 
#4 
i.e, cosx = 1 

x = 2nx where n is any positive or negative 
integer. | 
At all points on the curve of y= sin ~ gixen by 
x = 2nn where nis any positive or negative integer, the 
tangents to the curve make angles-of 45° with the positive: 
x — axis, a. 

* Wherever x = 2nm, y = sin 2nm =x) 
which shows that at these points: the curve cuts the 
X%—akxis. : . 

(See the graph of this function drawn in Ch, I) 
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i 
5. At what points of the curve y= x-1 a 
slope of the curve equal to 2? A 
Solution — —_ west, 
KP LI 
dy _ 2 
dx (w—1y2 
ae ay 3 
If — = 2 J 
ax Sea then (x1) = 92 
(x—1)2 — 1 
a-l =41 
x=, 0 or.Z. 


. At the origin and at x = 2,the slope of the 
curve is equal to 2, 


6. Determine the. coefficients: A; B and C so that 
the curve y = Ax? -+Bx+C may pass through the 
point (— 2, 8) and touch the axis of x at (2, 0). | 

Salution :—y = Ax?+Bx-+C passes through (—2, 8) 

8=4A —-2B+C a: see I 

The curve touches the x-axis at (2, 0). 

(2, 0) lies on the curve, | 

O=4A4+2B+C  ... ine, ol 
The axis of x touches the curve at (2,0) . 

the slope of the curve at (2,0) is the slope 


of the x-axis 1, e. zero. 


} d 
Slope of the curve = or 


(diff. w. r. t. x) = 2Ax +B 


wy a ET TE EL LLL I OT TTT ee 
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Putting x = 2, slope of the curve at (2,0) is equal 
to2Ax2+B. 
By data -. O= 4A +B _ ee eae a III 
To get the values of A, B and C solve the equa- 
tions :— 
S=4A—-2B+C > soe I 
0=4A4+2B+C ve . Ll 
0O=4A+B whe pe cae i) 
II—I gives 4B=-8 
=-—2 ih ae (i) 
Putting this value of B in III, we get 
= bs (ii). 


Putting the values of A and B in II 
we get C=-2 ae ad (i11). 


The function is y = 4 x? — 2x + 2. 


5:8. Examples :— 


1. Find the slopes of he Ppteer curves. at aye 
points mentioned against them. 


(i) vy =1— x (— 1, 0). 
(ii) y= 4x —# (2, 4) 
Gi) yax— x 1, 0) 
Gv) y=8—5e2415 °° (3,-3) 
; (v)* y=t xt ( —2, 4) 
| (vi) y = (x2 — 2) (1, 1). 


i 2, Find the slopes at (1, 1) and (4, 16) on the curve 
| y = x, Find the average slope from (1, 1) to (4, 16). 


7. 
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3. Show that the gradien 
. ent aes 
three times the gradient at (1, a y ) 4x2 a (3, 36) : 


4, At what point does the curve y = 6x. — #2 have 
a slopesy — 2? | | | | 


5. At what points of the curve y = x3 — 3x?—8x+ 7 } 


are the tangents to the curve inclined at 45° to the posi- 
tive x-axis ? 


6. Find the co-ordinates of the points on the curve 
y = 32x3 — 4x? — 8x + 2 where the tangents are parallel . 


to the axis of x. | 


7, At what points on the curve of y =sin x + cos x 
do the tangents make an angle of 45° with the x-axis? — 
Consider only the range 0 to 27 of x. 


8, If y= (x —a) (x —b), show that at the particular 
point of the curve where the tangent is parallel to the 
x-axis, x will have the value ¢ (a+ 0). 


9. The equation of a tangent to the curve given by 
y=5— 2x + 0:5 x3, being of the form y = mx +c where m. 
and ¢ are constants, find the value of m and c if the point 
where the tangent touches the curve has an abscissa 
x= 2. 


10. Determine the coefficients A, B, C and D so 
that the curve y = Ax3 +Bx?+Cx + D may pass through 
the point (— 2, 8), touch the axis of x at the point (2 0) 
and have its tangent parallel to the axis of x at the point 


for which x = —1. (Lamb.) | i. 
11, Find the slope of the curve y? =4x at the points 
whose x— co-ordinate is 2. At what point on the curve 


is the slope equal to unity ? 
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12. The curve whose equation is of the type 
a being a constant, is called a parabola, Show 
nates are (at?, 2at) lies on 
What is the slope of the - 


= 4ax, 
vat the point whose co- -ordi 
the curve for all values of t. 
curve at the point (at?, 2at) ? 


y 


§(a.03 


“Ltarzay 


res 13), Show that the: point (4. 22 \ always lies on 


the curve lies aan, for all values of m. whee is the 


iD f 
alane of the curve at the cont (4 - = Are i ice 
14, Find the slope of the curve 4 + a= 1 at the 
points @) whose abscissa is equal to 1 re 


(ii) whose ordinate i is equal to te 


t e 


At what points on the curve is the slope equal to 3? 
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15. The curve whose equation is of the form 
x? y? = | h 
pe + 3 = + where a and b are constants, is called an 
ae ee Show that a point whose co-ordinates are 
(a cos@. b sin 9) lies on the curve, whatever be the value 
of 8, What is the slope of the curve at that point? 
y 


ELLIPSE 


x? yy? 
—+=,=1 
a b 


s 


u 


16. Find the slope of the curve — ~ = ] | at 


points (i) whose abscissa = 9, 


(il) whose ordinate = —2. 


At a point on the curve in the first quadrant, the 
tangent to the curve has a slope of 45°. Find the co-or- 
dinates of that point. - 


17, The curve whose equation is of the form 


x2 2 ‘ 
ie > = ], wherea and 5b are constants 1s called a. 


hyperbola. Show that any point whose co-ordinates are 
(a sec @, btan9) lies on this curve for all values of 0. 


What is the slope of the curve at this point? 
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18. What 
at points (i) 
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vy) 
: // HYPERBOLA © 
: / x 8 Ps =. 0) 
, A a 8 div 
reooZ\\_ Aco eT 
y ; 


is the slope of the curve x2 —-4?=5 
whose x—co-ordinate is 3, 


Gi) whose y—co-ordinate is 4/20? 


At what point of the curve in the third quadrant 
is the slope of the curve = 2? 


th tia 


ry 
RECTANGULAR _ 
cif  HYPERBOLA 
Va f -esyl =?’ it 
<@) Cc ; ~< 
y 


& 


wa 
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oe a Curve whose equation is of the type 
x? ~ y” = c* where c is a constant is called a Rectangular 
Hyperbola. Show that any point whose co-ordinates are 
(c sec @, ctan@) lies on this curve for all values of 0. 
What is the slope of the curve at this point ? At what 
point on the curve is the slope equal to unity ? 


ANSWERS 
Ex. 5-2. 


as tO - 
1. 2) z: GD) - 3. (iti) — 3 (iv) 1.- Cv) 0: 


(vi) infinity. The graphs cut the y—axis'at the follow- 
ing points 


(1) 2 fii) —I1 Gi) c 0 Civ) 0 (v) 3 (vi) infinity. 


2. — cot, 


Ex. 5-8. | | 
1. G) 2 (ii) 0 (iii) -2 (iv) -3 (vy) ~8 (vi) -4& 
2 Geo: 5, 
4, (4, 8). 
5. (3, -17); (1, 1D). 


© (-): (} gy): 


7. x=0 or Or 7 OL a. 


9 m=4:c= —3, 
10. arett om 62D = 10, 


; (1, 2). 


Le 
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18. 


19. 


ee SEO 
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i 
t 
m. | 
3 or pee 4 
(i) & pes (i1 ) + 34/2 (ii1) (+ WES a 
— © cot @- 
a 
Ot? e/a (“75°77 
b 
a sind 


G) +3; Gi) + ya (iii) (—2, —3). 


(i) cosec@ (il) point at infinity. 


CHAPTER VI 
PHYSICAL MEANING OF DERIVATIVES 


? 


6-1 The meaning of the term “ rate ’ 


Many .of the important prob] 
those where time is 
have to think about the yv 
that varies as the time Varies, 
as time goes on: sOme other ¢ 
distance that. a man travels 


The following is the 


schedule of timings of the: 
Deccan Queen, 


Miles from Bombay. 


Bombay V.T, — Dep, 17-00 hrs. 


62 Karjat Jn, — Dep, 18-17 
80 Lonavla = Dep, 19:04 
119 Poona Jn. — Ar. 20-05 


The three main stages of the journy are 
(1) Bombay V.T. to Karjat Jn. 
(i1) Karjat Jn, to Lonavla 
(iil) Lonavla to Poona Jn. 


We are interested to know which of the three Stages. 


S covered at the fastest tate and which of the stages at 
the slowest rate, | 
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the word rate above? You 


ean by wes 
What do wel s the quotient of dividing the 


‘t is Si Iti 
might say, it issimple. sie 
cane covered by the time taken to cover 1t; 1n other 


words, it is the distance covered in unit time. It 1s speed. 


But the question, we should like to answer ourselves 
Does the rate, in the above case, depend 


here is this. 7 
it of distance or on the unit of time or on 


either on the un 
both, that we prefer to choose? 


The answer is NO. 


Take for example the case of a motor-car that flies 

past us going 11 yards per second. Calculation will show 

us that this is equivalent toa trate of 660 yards per 
minute or 223 miles per hour. Now in what sense is it 

true that a speed of 11 yards per second is the same as 

660 yds. per minute or equal to 223 miles per hour? 

11 yards is not the same as 660 yards nor is one second 

the same thing as one minute. Again 11 yards is entirely 

different from 22% miles; one second is also different 


from one hour. 


What we mean by saying that the rate is the same is 
this: . 

The proportion borne between distance passed over and 
time taken to pass over it, is the same in the three cases. 


In general, suppose a body moves from a particular 
point, Measure distances from that point to the position 
of the body at any time. Measure time also from the 
ee when the body starts from the initial position or 
the zero position. Denote the dist 

: ; ance by the symbol s 
and the time by the symbol t. | here 


s = 0 whent = 0, 


iota pa 


"f. 
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Lets be the distance covered in time t, Then = 
Bives the speed of the b 


ody during that period. If this 
speed is not uniform 


at all points, we shall have to 
° S. 
specify that 78 the average speed during the period of 


time t. This average speed is ordinarily different from 
the speed at any particular point or at any particular instant. 


If you want the 


velocity v at any time t, then take a 
small element of tim 


e dt during which the body moves 


a short distance 3s. Then» = S. The smaller the ele- 


ment dt, the more accurate will be the value of ». 


We shall. shortly know how to find the accurate 
value of », using differentia] calculus. 


62. Rate of change (average rate of change), 


Consider the function y = x? when x = 3, y = 9 and 
when x« = 5, y = 25, For an increase of 2 in the value 
of x, the corresponding increase in the value of y is 16. 


We define rate of change as 
(change in the value of the function ) 
(change in the value of the argument) 


In the above case the rate of change is equal to 


Example 1. If f (%) = 3x? — 4x -—5, find the rate 
of change in the value of f (x) in the interval (-1,1) 
of x, | 


aa ST 
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Solution: —f () . 2372-41-95 
| =3=4—5 
Pie 6 
f (-1) ~3-¢-127-4(-D-5 

soa =3+4-5 
= 2. 

—6-2 

Rate of change = ess) 
ek 
4g if 
= 224 


2 In the above example, calculate the rate of 
change in the value of the function between the values: 
1 and 2 of x. 


Solution :—f (2) = 3-2? — 4.2 — 5. 


R =-12-8-5 

| | Se Lies 

i f (1) = —6 as already found out above. 
—1-—(-6) 

i Rate of change = Pom vos 

| —~1+6 

| a 


= 5 


een pee 


The two examples worked out above show that the 
rate of change of a function differs in the two intervals. 
taken; which means that the rate of change differs from 
point to point. This can be also shown by taking smaller 


' and smaller intervals for investigation of the variation of 
| the rate of change, 


= me — LODE OCB be QP 
oe eee cies quire 
nn a ete ELEC TY COA 


Tm 
ea ~n 
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| When the rate of change of a function f (x) varies 
at different points, then we define the rate of change 
expressed by the ratio 


f (6) — f(a) 
b—a 


as the average rate of change of the function ‘during the 
- interval (a,b) of x. ~ 


6-3. The. rate of change of a function ata point. (The 
derivative as a rate-measurer), 


If the rate of change of a function varies from point 
to point, we are naturally interested in knowing what 
the rate of change of the function is ata particular point 
of the function, a aan 


Let us try to get an idea of the rate of change at a 
point by the following example: pas ee aks 


Let y = x2. 


We want to know the rate of change of y w.r. t; % 
where x = 3. 


Examine the following table: . oh: 
Value of x 7 _ Value of 
2:9 84] 
299 °° 8.9401 
2-999 8-994001 
c eerie 9 
3-001 ~ 9006001 
3.01 ne O.060E 
3-1 9-61 
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Interval of x Rate y change of ¥ 
(3, 21) pel 8 = OL 
(3, 301) 7 ae Tel 
(3, 3-001 ) CO = 6001 il 


Limiting value 


9 — 8994001 _ x99 1 


3, 2:990) | sa 
( ) 3 — 3.999 
— 9 — 8.9401 
3, 2:99 _—— = . 
: ; 5-299 Bae 
(3, 29 ) 2 7 oe = 50 


The table shows that when you find the average rate 
of change in the interval (3 —h,3) or (3,3 + h) and 
make h smaller and smaller, ee is a definite tendency 
for the rate to approach the value 6. So we can say 
that when x->3, the rate of change of y w.r.t,x tends 
to 6. This we can put as follows: 


The rate of change of y w.r.t. x at x=3 Se 
y = f (x) is defined as ag ? 
f (3 +h) —-—FO) (3) 


lim. 


h—0 Got) = Som 
i,e near ke th) -FfO), 
h-0 h 


In general the rate of change of AC w.t,t, x at 
x =a can be defined as 
gr Ce eh ee CO” 
h>0. h 


| PHYSICAL MEANING oF DERIVATIVES 131 


More generally, 


teplacin b h by 6x, we 
have the rate of cha § aby x and h by 


nge of f(x) w. rt. x« as 
lim, LC * + 6%) ~# (x) 
Oo—>O0 Ox 

t But the above limi 
| coefficient of f (x). So 
‘w function is also a rate. 


t is nothing but the differential 

we say that the derivative of a 
measurer. 

. It follows then that if 
\ of change of f(x) at x = 
» derivative f' (x). Then 

change of f(x) at x =q. 


we want to calculate the rate 
a, then we have to find out the 
f(a) gives us the rate of 


In the above example f (x) = 2 


f' (%) = 2x and where x = 3, its value =2x 3=6 
which is the rate of cnange of x? with x where x = 3. 


r 


6-4. Examples — 


1. For what value of x does‘the function x — 2x-1 
have a rate of change of 3 with respect to x? 


2 If y=6 — x2, find the rate of Increase of y with 
' « when x=2, As x increases through the value 2, is 
y increasing or decreasing ?_ 


3, If y= find the rate of increase of y with x 
when x = 5, " 


4, You are given two formule, 
yen | 

y= 5 and z= 4x — 8, iat | 

(i) Find the rate of increase of y with x when x=4, 


(ii) Find the constant rate of increase of z with x. 
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(iii). Show. that y=z when x=4. 


(iv) Sketch the graphs of ene formulae on the same 
axes. | 


(v) What is ne eelaviguship of the straight line to 
_ the curve? 


- 5: The force P lb. wt. on a plane ‘surface of area: 
1 sq. ft, held perpendicular to a current of water flowing 
v ft./sec is given by the formula P = 1:8 v*, What is the 
average rate of increase of force with the velocity of the 


current from v= 2 to »=5? What is the rate of 


increase of P with v when y=3? 


6:5. Rates: application to. mechanics—velocity and. 
acceleration at a point. 


Suppose that a particle moves at a variable rate: 
along the line OS and passes through the points P and Q 
at times t and t + dt, respectively. Choose as an origin a 
fixed point (say O) onthe line. Let the displacements,. 


Ses Se ae 
K-- s§ ----%-6S -4 
to tr dt 


OP and PQ be s and és respectively (the increment $s is. 


considered positive or negative according as it lies to the: 
right or to the left of P). 


és iis 
Then cea glare velocity during the interval $t.. 


The velocity varies from point to point and we want the: 
instantaneous velocity at P. This can be got by making. 


dt > O and taking the limit of #8 as ét > 0. 


~2«@ 


P 
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St30 oF dt 
_ = velocity of the particle at the instant t, 


ds - 
oF dt velocity of the particle at the point P, 


ds 
‘Let us denote the 7 ae at ‘time ¢ by the 
symbol » vo Mid 1-89 
o= ds. @ es 14 
dt 

Let the velocity att + dt-be » + Sy, (6v may be 
positive or negative according a as the velocity is increas- 

ang or piers ) 


| ov 
Then 7 = erase accelération during the interval ét. 
AS before caine the limit as ot —>0 we ‘get 
ov dy ' 
lim. =e aap acceleration at timé te 5, +4 
dt—>0 ? Leaveneath marae 
av ee, sl 
oF acceleration at point P, 
ds 
Since v = Te we have 
_ dv h 4 hater: af ys 
acceleration f= di™ ere Y, 15.4,4 but : 


Therefore f is a function of v where v isa function of s. 
i. e, f is a function of a function. | 


dv 
ob So 
av ds 


aa = Ot 
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_ @, 
~ as 


Ta 


f = do which +s another formula for 


the acceleration. 


6-6. Illustrative Examples 


1, Ifthe distance-time formula is s = t* — 2t, Show 
that the body is travelling 3 times as fast whent = 4as 
when t = 0 and in the opposite direction.. 


Solution .— s=P— at, 
“ds “ 
Vo = — 2 (putting t = 70) Be) 


v,= + 6 (putting t = 4 above). 


which shows that the body is ayelnne 3 times as fast: 
(v = + 6) whent = 4as when t = 0 (w= — 2) andin 
the opposite direction. (.. The two velocities have 
opposite signs. ) : 


2, If s = t3 — 6t2 + 12¢ find the acceleration whem 
the speed is zero, 


t? — 6¢? +12. 


| Solution :— s= 
d ae 
y= 5 = 32 — 12h + 12. 


.. Acceleration = @ = 6t—12, 


Speed is zero when 3t2 — 12¢ + 12 = 0 
letvt— 444+ 4= 0 
1e@..4= 2. 


“Le 


Vv 
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Acceleration when? = 2is6 xX 2 — 12i.e. zero. 


The acceleration is zero when the speed is zero, 
3. Two Particles, starting from the same point at 
the same time and Moving on the same straight line, are 
at time ¢ at distances © a 
Sp i Of, 5, Bp ot. OR. 


from the Starting’ point. When will the particles have 


the same speed? What are their speeds when they have 
the same position ? ne 


Solution :— . 51 = {22 Oo 
54 
e v,= ———s Saas —_— F eae ] 
=F at — 9 sis jes (i) 
52. = St — 2t? 
ds, 


Y= v,if2t-~9= 3 — 4¢, 
le, 6 = 12 
ie t=2 
“ The two particles have the same speed when 
t= 2. - 
The two particles have’ the same position when 
Si = So, | 
ne 2% — Of = 3¢.— 222. 
le, 37 — 12¢ = 0. 
1e, t¢@—4)=0 
i.e. t=Oort= 4 | 
Case (1) whent =0 i.e. the starting point 
vy, = 2t — 9 : 
= —9 (putting t = 0) 
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#136 . 
= 3 (putting t = 0) 
Gare (11) when t= 4, 
Vo = at = 9 bah 
= —1 (puttingt = 4) ~~" 
= 1B (putting ¢ = 4) fee STERSD ES 


es A particle moves ina straight line and its dist- 
ance from a fixed point at time t is ceiver by the equation 
5S = acos (at ) 
( . Find (1) its velocity at time ¢ 
(ii) its maximum and minimum velocities. 


Prove that its acceleration varies as its distance from 
the fixed point, and is towards that point. 


Solution :— 5 = acos (at) 
ds ui : Me. 
=a = 7 qosin (ot.). 


a and , being constants, the wae is a maximum when , 
humerically sin (ot) is a maximum, ; 


“1, e. when ot =.-(2n + 1) i where n is-an integer. 


i.e, when t = (2n + Ys5 


This shows that the malaciter is. a ‘maximum after 


c 
t 


every period of ~ -- 


The velocity is a Minimum when 


sin wt = 0 


it 
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1. €, wot = nz where n is an integer,. 


i; e, t = ia ¢ | ee 
® 


This shows that the velocity is a minimum after 


. T 
every period of — 
® 


; 5 T 
“. Max. velocity = — aw sin (2n + 1) 5 
: = + aw | 
Min velocity = — aw sin nz 
= i): 
The motion of the particle is therefore periodic. 
Again acceleration = & 


= — aw* COS (wt) 


= — ws. 


The acceleration is proportional to displacement. 
Again if s is positive the acceleration is negative and if s 
is negative the acceleration is positive. It is thus seen 
that the acceleration is always directed towards the 
origin, i. e. the point from which s Is measured, 


See the following figure 


Acctt Acctr 
—————) c__—_- ft. , 
_—— tH = 
p' p 


ES OS 


{Ain a Max a Mw 
BL VEL VEL 
=O, =2sQw sO 


The particle swings forwards and backwards between 
P and P’ with an amplitude a. 


Such a motion is called Simple Harmonic Motion. 
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6:7. Exercises. 


Find the speed and acceleration : 


1, s=4t+8 

2, s=5—-2t 

3. s = 12t — 3? whent=2 

4. s=16t — 41 when t= 1 

5 s=8+64—16% whent=3 

6. s=9- 64+ 8P whent =2 _ 
7. s=—-8 -whent = 0 

8. s=10-—18?+2 whent=1 

9, s=15-—271 +9? -# when t = 0:5 
10. s=t##—-—2?+4+1 whent =5 


ll. If s=t#—6t+ 4, find the value of s when the 


speed is zero. 

12. Ifs=1+ 62 —#, when will the speed be 
Qft./sec.? vem 
7 13. s =t3 — 6t? + 8 — 4 when is the acceleration 
12 ft./sec?? What is the speed at this instant? | 


14, Two particles, starting from the same point at 
the same time and moving on the same straight line, are. 


at time t at distances _ Pe 
s,=8462-t, 8. =38- Ath 


from the starting point. Find the speed and acceleration 
of each particle when the particles last coincide. 


15. A body moves in such a way that the spaces 
described inthe time t from starting is given by s = t* 
where n is a constant. Find the value of n when the 
velocity is doubled from the 5th, to the 10th. second ; 


PHYSICAL MEANING OF DERIVATIVES 139 


find it also when the velocity is numerically equal to the 
acceleration at the end of the 10th, second. 


16. A point moves in a straight line such that 
v =k (a? — s2), Show that the acceleration is always 
pointed towards the orgin and is proportional to s. 


17. A particle moves in a straight line and its dis- 
tance (in feet) from a fixed point at time t secs. 1s giver 
by the equation s = 4 +.10¢ — 2, 


Find (i) its velocity when it has been in motion 
for 2 secs, 


(il) its distance from the fixed point when its 
velocity is zero. 


(ili) its acceleration. 
Describe the motion of the particle, 
18. A stone is thrown vertically upward from the 


top of a building 96 ft, high, Its height above the ground 
at any time is given by s = 96 + 80t — 1672. 


Find (i) the initial speed ; 


(i1) the time required to reach the highest 
point : 

(ili) the maximum height above the top of the 
building reached by the stone ; 


(iv) its speed on striking of the ground. 


6-8. Space-time curve : velocity time curve : 


Let a point, moving in a straight line be at a 
distance s froma fixed point O at an instant t, and let », 
be the velocity at that instant. Then s and v are 
different for different instants of time.: 


ao -R a a ee rae 
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If (t,, st)y (tos 52) (tg, 53) 0+. are sets of values 
of t and s, and taking t as the absciest and s as the 
ordinate, if we plot the points (tr, 51), (toy Sa), (ty, 53). 
the resulting graph is called the ere -time curve, OF 
(5s, a curve, . 


. ae / ; 


The slope of this curve at any point P is:the slope of 
the tangent to it at P i.e. &. or », 


Ps 


‘The slope of the tangent at” any point. of the space 


~ ds 
time curve = 7 = = velocity at ihe Point: eure: 


Similarly taking ¢ along the abscissa nd v aibng the 
6 


ordinate: we can. draw a velocity-time curve *: ’ 
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the slo 
pe of this curve atany point P on it is the 


slope of the tangent to it at that point i.e. a or f, the 
acceleration. 
“. The slope of the tangent at any point of a velocity= 


dv 
tume curve = ‘ages acceleration at that point. 


Exercise: If 10s = +3, draw the space-time curve 
and from the curve read the velocity 
whent = 3. Also draw the velocity-time 
curve and from this ‘curve read the 
acceleration when t =3 Verify by cal- 
culation. in each case. 


* Asexplained in § 4-1 it is essential to take the 
same units along the two axes when the two. graphs. 
required in the above problem are drawn. 


6:9. Angular velecit and aBeulat atisleratinns (of a 
moving point P about a fixed point O.). 


XG 
O 


Draw any fixed ee OX. Join OP. Let 4 oF che 
+, Let P’ be 
moving point at the end ane where ZP'OX = 6 + 08. 


of this point at the instant ¢ + ot 
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aa is the rate of change of 0 w.r. t. time. 


lim. ae = ad: is the angular velocity of P about 


" Gras bt dt 
the fixed point O, 


We use the symbol » (omega) to denote angular 
velocity. 


com 
dt 

Again if w+ do be the angular velocity at time 
4+ ot, arguing as before we get the angular acceleration 


Angular velocity # = 


of P about O to be ay 


6:10. Examples: 


1. A particle P moves on a circle of radius r and 
centre O. Show that the speed of P at any instant is 
vy =r where » is the angular velocity of OP in radians 
per unit time. 


DU 


[ Hint: Let s=r@ be the arc corresponding to 
the angular displacement of 8 of OP]. 
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2. Show that the tangential acceleration of a 
particle moving on a circle of radius r is, at any time, 
equal to rx where « is the instantaneous value of the 


angular acceleration of the radius to the particle in 
radians / ( unit time ):, 


3. The minute hand of a clock is 8 in. long. Find 
the speed of its outer end, 


4.” A boy runs round a circular track 200 yards long 


-at1l0m.p.h. What is his angular velocity about the 
centre of the track? 


5. A point moves ina circle with constant speed. 
Prove that its angular velocity about a point on the 
circumference is half that about the centre. 


6, If 0 = sin 3:, find 0"and'le -@when the angular 
acceleration is — 9 radians / sec?. 


6-11 Simple Harmonic Motion 


Let Q bea point which moves in the counter-clock- 
wise direction along the circumference of a circle of 
radius r with a constant speed, so that the radius OQ 
revolves about O, with constant angular velocity. Then 
the point P, the projection of Qon the x — axis will 
oscillate between A and B, describing what is known as 
Simple Harmonic Motion with Oas centre and r as 
amplitude, 
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Suppose that the point Q (and hence the point P also) 
is situated at A. Thenatthe timet the radius OQ will 
have swept through an angle g siven by the equation 


0 = wt | | 
where w, the constant angular velocity of OQ will be 
expressed in radians per unit time, ° 


When OQ sweeps through one complete circuit 1. e.. 
anangle of 27 radians, the point P completes one com- 
plete oscillation i.e. it moves from A to B and back. 
to A again, 


Denote by T, the time for one complete oscillation. 
of P, | 


Ta 2h 


(6) 


being the same asthe time required for OQ to revolve. 
through an angle of 27 (i. e. one complete revolution) at, 
the constant angular velocity o, 


hes tine T is called the period of the simple, 
harmonic motion; its reciprocal, representing the: 
number of periods per unit time, is called the Meg ue ree 
and is denoted by y (gamma). 


Zz @ - x a 
‘ e Y On Le S j 


Let OP = x, the displacement of P at time t. 


& 
I 


r cos 0, 


1e@. xX = 7 cos at. 


The velocity of P, »v = e = — rosin at. 


e 


As 6 varies from O to 7, sin 6 i i. e, Sin ®t is positive. 
-. V = —r®sin wt is negative i. e. the velocity of P isin 
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ae of negative x — axis or from A towards B. 
O during this interval P moves from A to B. - 


As 6 varies from =z to 27, sin 6 i, e. sin wt is negative. 


“. The velocity of P = — rw sin at is positive. 
1. e. during this interval P moves from B back to A. 
» Again v = — yo sin wf is numerically the maximum 


when sin wt is numerically a maximum i. e, when wt = 9 


1a T 37 
is either 9 OF and therefore sin wt = +1. 


2 
“. Maximum velocity = + ro. 


4 . 


This shows that P has the maximum velocity — ro 


(in the negative direction of the x — axis) when 6 = 5 


i, e, when P passes through O while moving from A 
r towards B. 7 


Again P is the maximum velocity + rw (in the 
positive direction of the x—axis) when 0 = or es when 


P passes through O while it moves from B towards A. 


Acctlaatone (alpha) of E. 
_ a 
~ dt 


= — 7&2 cos wt © 


- x =— wx. 


Thus, for a particle describing simple harmonic 
motion, the acceleration 1s proportional to the displace- 
ment of the particle from a fixed point (here, the 
This acceleration is always directed towards 


point O). ae 
hen x iS positive, — 2x is 


the fixed point, because w 
Negative and vice versa. 


10 


: 4 
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Therefore any motion for which the acceleration é 
— minus a constant times displacement (x= —kx) can be 
shown to bea simple harmonic motion. 


«= —kx where b is a positive constant is the 
characteristic equation of simple harmonic motion. 


* The student will find the above information useful 
when he studies the motion of a pendulum. 


Answers 
Ex. 6:4. | 
i; sel, 2.. —4;decreasing. 3. 1, 


4, (i) 4, (ii) 4. Cv) tangent at x = 4. 
3. 12-6; 108. 


Ex. 6-7. | | 
La, 0, Bs eo eo ee 
4. 8;-8 5, —32;-32, 6, — 32: 16. 
od. BLO. 7 8 elgg ccoggdsg.) & ye95ta5, 
90 109 1480 3-296; 9591. (cme Seutions JolQea- tei on 3: 
13,° £34: y=8, © | | 
14, », = 95; fy =36;»,=119: f,= 64, Sg 
15. n=2;n=11. 17. (i) -6 ft,/sec: én 
3 th (ii) 29 ft, | 
? (ii) — 2 ft./sec, 
18. (i) 80 ft/sec. (ii) 8 secs, ary 
(iii) 180 ft. Bog, Gv) 112 ft. / sec, 
Ex. 6:10. tS 7 6 Tohghed 
3, 0-014 in, /sec, 4, 0.31 tadians/ sec. 


6 @=one radian; » = 0. 


CHAPTER VII 
INTEGRATION 


\ 


1, The nature of the problem: 


So far we dealt with the process of finding the deri- 


vative of a given function, Now let us put to ourselves 
the converse problem. | 


“Given a function f(x) to find a function ¢ (x) 


such that the derivative of ¢ (x) is equal to the given 
function f (x). 


For example if f(x) = 2x, then ¢(x) = x2, because 
the derivative of x? is 2x. Again Gf f (x) = 3x2, then 
(x) = x3; if f (x) = cos x, then ¢ (x) = sin x and so on, 


This is the problem of Integral\ Calculus. Integra- 
tion is the inverse process of differentiation. Thefunc-  . 
tion we get thereby is called the Integral of the given | 
function, | | 


t [ Meo Stas dx is a symbol of soperation' meaning. 


“integral of ...... with respect to x." We put the function 


to be integrated in the dotted space. 


The integral of 2x w.r.t. x is x? 


1,-e, [2x de = 22 


The integral of cos x w.r.t.% issinx. 


i. e. [cos x dx = sin x. 
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7-2. The Indefinite Integral : the arbitrary constant. 
chapters that given @ 


We have seen in the previous 
and therefore unique. 


function, its derivative was fixed 
Not so in the inverse process of integration. 

For example, consider again the functions 2% and x. 
By definition, ‘tx? is the integral of 2x”; but x? is not 
the only possible integral, because v2 — 1, x2 +2, x7 +3 
etc., in general, x? + c where c is any arbitrary constant, 
all these have the same derivative 2x, Therefore the 
integral of 2x is, strictly speaking x2 +c, where c is any 
arbitrary constant, 


We put this as [2x dx = M2--P-C. 
Similarly [32 at =a? = . 


and foosxdx=sinx te 


* Knowing full well that the arbitrary constant is 
always there, we do not think it necessary to put it down 
every time, unless it is necessary far some other purpose, 
and therefore we omit it and write simply as’ follows :— 


i 2x dx = x2 


x2 


SY, 
Sy) 
R 

N 
i 
es 

l 
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feos dx = sin x 
and so on. 
Definition -—If f(x) is the derivative of @ (x), then 
we call 6 (x) as the integral of f (x) with respect to x or 


the primitive of (2), 


Symbolically — | 
If < E (2x) | = f (x, 
Then yf f (x) dx = 6 (x) 


The function f (x) to be integrated is called the 
antesrand, | 3 i 


With the above definition, we put g | 
f (x) dx = $ (x) +c, where c is an arbitrary constant, 1 
| | 

t 


which is omitted in the indefinite integral. We retain 
dt in an integral only if it is required for any specific ; 
Purpose. . | | Rp \ : 


* Note:—The derivative of x + c, where c is any 
constant is 1. Therefore the integral of 1 is x +c, or 
simply x, the indefinite integral. This we put as. 


fadzaxtcor simply favax ae | 


Here we have to understand that if the gap in the 
Operation / odds dx is not filled by any function of x, 


then it is to be understood that the number 1 stands 


there. So yf dx means Ts l-dx and is therefore equal to x. | | 
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7:3. Standard Forms: 


Since integration is the inverse of differentiation, 
the results of integration of a few simple functions can be 
obtained at once from known standard forms: of deriva- 
tives. They are given below for reference while solving 
examples on integration that follow: 


[x de= s except whenn=— 1 (1): 
fax +b)" dx = -. coat Oyrexcept whenn=—1(2) 
[cos x dx = sin x ‘4; a - (3). 
[ccs (ax +b) dx = = sin eb) — (4A) 
Jsiv x dx =—cosx >") (5) 
Join (ax +d) nates = me (ax+)) (6) 
fosec? x be = ans oe ; (7). 
sec? (ax+6) d= tan (ax-+b) (8). 
‘i nae “dx = — cot x | (9) 
J cosec? (ax +b) dx =— = cot (ax +6): (10) 
sec x tan x dx = sec x | (11) 


J cosec x Cot xX dx = — cosec x (i2y 
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| dx | 
i Taga = sitimt tS Cogtt 5 | (13) 
dx i 
T+x2 = tan"? x = — cot-1x% (14) 


: | 
We gg SINE Coste (15) 


dx x 1 x 
a ee Cane oe es saa Ua ci 
s x2 a Nn a a cot am (16) 
\ 
| [<< vei = sec>1 x =— cosec-1 x (17) 
aes sec"1 = SL cosec-1 = (18) 
eee a a a 


[Vara dx=~ 5 me + = E sin-1& (19) 


* Special case of (1) — ‘when n= 0, 
fax =fide= firdx= x, (20) 


7-4. Illustrative Examples: 


8 
i ie [x ax = 2 
mA fe ax = 7 - x8 
3. | x-2) = 3 (3x-2)! 


4, [sin (2x+1) =— 5 cos (2x + 1) 


dx ye 
on ——— = sjn-1~ 
vine: he: oe 
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| ee 

6. | ter gen 
ax 1 -1 x 

a meer ee 


8. [5-8 de = 55-7 +2 sin-} i . 


7-5, Exercises. 


Integrate w. 1. t. x 


| Lo oy A 3, 3/2 
(4,+ cos 3% +s 5, sec2xtan2x 6. cosec? (3x+1) 
1 Tt. 
x —_—__ —_——_—_——— 
pt 2 8 Af 3— x? :, 4+ x? 
= | y) os coe oe 
. 10. [2+.x2 /AL.- (x—a)?-+(x—b) 12. a\/ x?—3 3 
1 nr. ; s 
13. ao 14 VIO“ WV TH? 
xf x 35 
16. cues 


(2+1)?+ (2x-1)? 


7:6. Rules of Integration. 
Similar to the rules of differentiation we have the 
following rules for integration. 


Rule I. Since the derivative of the sum of a finite 
number of functions is equal to the sum of the deriva- 
tives of the functions, we get that 


The integral of the sum of a finite number of functions 
ts equal to the sum of the integrals of the functions. 


trations : 
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Symbolically ; 


f@to+wt a) dx=fudx+ f odx +f wax slid 


where u, », w etc, are integrable functions of x. 


In particular fu +v) dx = f uaz + / vdx. 
d 
Rule II Since ne [ce-d(x)] = oo [¢ (x) ], 


d 
If ae [o(x)] = fC), then we have 


d 
ge leo) ] =e 2 L6G) ]=c: F@). 


J cof @) dx 


But (x)= f f(x) dx. 
f c:f (x) dx =e: | f(x) dx. 


c+ (x) 


7:7. Wlustrative Examples: 


1, [8-428-28+1) i= > x6 oe wB4+%. 


2. fe(#tl) dx =f (842) dex 


oi 
= 4 


ih Ja. Vx de 
= Va f a3 dx 


= Va-d- x 312, 


I 


oe Vs a/ ax ax 
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\ 


4, | (sinx+2cosx)dx = —cosx+2sin x. . 
: 1+ cos 2x 
ef f costae = f ( 5 ne Y de 
\ ; = | 5ax +f F cos 2x dx 
1 


= set Z sin 2x, 


7°8. Exercises: 


Integrate the following: fi 
¢ ) 4 
1, 3x2? -— 4% +5 2, 4x3 oe 


2. (2 +1) Cnt 2 (2 437 


£2 oe 1 
5. sectx + sec xtan x 6, Va Se a ee 
| 7 | | . JV a2—x2 
ae “1 pe. , 
| ee ee 8. sin? x, 
a* + x2 Ee OF => x2 


7-9. Applications to Mechanics : 


We have seen that if s be the distance described by 
a particle moving along.a straight line in time t, then the 


° ° . ds y \ . 
velocity v at any time ¢ js ae and the acceleration f at 
. adv dv 
time t is —-ory . 


dt ds” 


In many problems, involving motion in a straight 
line, we are given the acceleration. By means of integra- 
tion, we can determine the velocity and also the distance 
travelled at any time. Any constant of integration that 


occurs can be obtained by using the initial conditions 
of motion. 


a 3 
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We consider the following four cases: 


(i) acceleration is a constant (uniform acceleration). 
(ii) acceleration is a function of distance. 

(iil) acceleration is a function of time. | 

Civ) acceleration is a function of velocity. 


* When acceleration is negative it is called re- 
tardation. " 


1. A particle starts with initial velocity u, and. 
moves a distance s intime t in a straight line, under 


constant acceleration f; if »v. denotes the velocity at 
time t, we have 


dv 
ae oe 2 
22 yes ffarte. where c is an arbi- 
trary constant. | < 
3 ~  veftte 
When H=.0,.v =fu. 
: “= 
; v=uatft 
ds 
A gain aa Vv, 


=u + ft. (from above ) 
be ‘s ws | (u + ft) dt. 
=ut+ifit+c' “ 


arbitrary cons 
But when 
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Another expression for acceleration is 


bed 
ll 
to 
lau 
cm™ 
ar 


2fs +c". where c’is an arbitrary 


constant, 
But when y=u,s=0. 
iss U2 _ c". 
ae v? = u2 + 2 fs. 


_ * Falling bodies have uniform acceleration due to 
the force of gravity. : 
2. A particle starts from rest at a distance a from 


the origin O and moves with acceleration proportional 
to its distance from O and directed towards O; find the 
motion. 

ae | pee 

I | } 


A' p' 4 Ofe=. sp A 


dv at i, , 
Take the form » a 2 are (v ) for the accelera- 


tion because in this case the acceleration varies as s. 


The acceleration at a distance s from O may be taken 


as — n’s; for if s is positive, acceleration is negative and 

: is therefore directed towards O. At P’,s is negative and 
therefore —n?s is positive which again means that it is 
directed towards O. , 


| 


at 


=—T 


pre re 
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1d 
We have 3 gs () = — n’s where n is some constant- 


5 02 = — 72 f sds. 


1 
= —n 5 +c. wherec is ap 


arbitrary constant. 


But ° vy = 0 whens = a, 
: = << y72Q 
c= 5a 
1 
. 5M =~ nts tine 


It is seen from this equation that vy = 0 when s= +a, 


If OA’ = OA numerically and-OA =a, the 
velocity vanishes at A and A’; also the velocity is 
Maximum when s=0 i.e, at O; and the maximum. 
velocity is na numerically. vs 


Now as the particle is going from A to A’, v is 


negative and we have 


asin® 

aw 

Mo) EMS nV a — s? if n is positive 
. at _ dt — 
ee ds -> 
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= a ds 
n= —- Va — 3 


II 
a 
oO 
n 
! 
= 
a, 
7 
+ 
D 
‘S 
iS 
(0) 
~ 
0 
io) 
| ey 
~M 
je) 
~ 


arbitrary constant. 


I 
a) 
<a 
be 
© 
=) 
oe 
I 
= 


But Ss 


a1 
© 
| 
QO 
oO 
op) 
i} 
> 
ou 
ee A 
bt 
1?) 


s 
nt = cost ( = ) 
a 


Ss = acos nt. 


The distance of A'is — a. - 


So put s = —a in the above equation to get the 
time t, from Ata A’, . ! 
—q = accos nt, 
fas oes 
ia 


At A’ the velocity is zero just as at A. Its distance 
from O is also the same as that of A from O i,e.a 
numerically. The acceleration at A' is the same as that 
at A and directed towards O, Therefore the time from A' 


: Tv 
to A is the same as that from A to A’ i.e. equal to ~ 


The motion from A to A' and back again to A is 
called one complete oscillation. , 


The time for one complete oscillation is called the 
period. 


ao. ar 
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Thus the Period T = 2t, = une 
nr Ne 
* Note that the period is independent of a. 


The motion described above is called Simple 
Harmonic Motion. 


When a particle moves in a straight line’so that its 
acceleration is always directed towards a fixed point in 
the line and is Proportional to the distance from the 
Point, its motion is called Simple Harmonic Motion. | 


The motion of a simple pendulum is simple harmonic, 


3. If at+6 isthe acceleration of a point Moving in 


a straight line, find its velocity (v) after time t, and the 
Space (s) described, given that when t=0; s=c and 


Y= U. 


dv x. 
Given aE at Hb, 


I 


paar | (at+b) dt 


faaref a 


3a? + bt +k 


where B isan arbitrary constant, 


But Vy = u whent = 
te & ioe 
yadaPthtu iy 


which gives the velocity after time 


Ba sattietu 
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Putting s = 3000 ft. in the above equation, we get 
t = 1-38. 
The time for traversing 1000 yards is 1-38 secs. 


7-10. Illustrative Examples. 
1. Given velocity as a function of time. 


The speed of a moving particle, moving ina straight 
line is given by v = 526 — 32t. How far will the body 
move from t = 0tot = 4? . 

vy = 256 — 32t. 


ds 
“a 296 — 32t. . 


PS f (256 — 324) dt. 
= 256t — 16#.+¢ 


where c is an arbitrary constant. 
But whent = 0,5 = 0. 
c= 0 
s= 256% — 16? 
Putting t = 4, we get s=768 
The particle moves a distance of 768 from t = 0 
tot = 4, 8 
2 Given velocity as a function of distance. 


Observations made on a rifle-bullet ‘for reasonable 
distance, give the following relation between the velocity 
and the distance covered by the bullet 

— 1 —— 
u“2as +b 


where a and b are constants. 


r 


él 
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It was estimated that the bullet left the muzzle with 
a velocity of 2400 ft. per sec. and that the velocity was 
reduced to 2350 ft per sec, when 100 yards had been 
traversed, Neglecting gravity, calculate the time : of 


traversing 1000 yards. 


We have first to find the values of a and b using the 


“ given‘ data 


When = s =0; v=2400 
When = s = 300; v=2350, 


We have the two equations 


1 
2400 = Da-046 
1 
eno = . a 300-0 
| 1 
From (i) we getb= 3400 


7 


(11) 


fe i 1 
Using this value in (ii) we get a = [ax34pp * 7390 


Now take aaa: PEO 
, as 
"dt  2as+b 

at 
ee, 9 b 
“as 2as+ 


t= J (2as + b) ds 


= as? +bs +c wherec is an arbitrary 


constant. 
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But when s=0;t= 0. 


é= 0, 
t = as? + bs. 
Put s = 3000 in this relation 
we get t = 1:38 secs. 


3. A stone is thrown vertically downwards from 
the edge of a cliff with a velocity of 20 ft. per sec. Its 
acceleration is 32 ft./sec2, Find the velocity with which 
it hits the water 4 secs. later, Also find the height of 
the cliff. 


Measure the distance from the top of the cliff down- 
wards. 
Using s = ut + 2 ft? 
and putting u = 20, f = 32; t = 4 
we have s = 20 x 4+ 2 x 32 x 16 x 
= 80 + 256 
= -336., 
The height of the cliff = 336 ft. 


Now use v2? = w+2 fs, © 
= 400 + 2 x 32 x 336 
= 400 + 64 x 336 
= 148? 
y = 148. 


*. Velocity with which the stone hits the water 
= 148 ft. /sec. 


4, Acar passes a policeman and continues at the 
constant speed of 750 yards per min, for one minute, 
Then its acceleration is 100 (2 — t) yds. per min.2, where 
t min. is the time since passing the policeman. What is 
its speed 2 min, after passing the policeman? ; 
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The speed is constant, i.e, 750 yds. per min. from 
t=Otot=] 


sd = 100 (2 — t) after the first minute 


v= [100 (2-1) at 
= 200t — 5072-++c where cis an arbitrary 
constant. 
But v = 750 when t = 1 
-. 750 = 200 — 50+ 
c = 600 
vy = 200t — 50 #2 + 600 
Putting t = 2, we get v = 800 . 
The speed of the car after 2 min. is 800 ft. / min. 


7-11. Exercises: 


1. The velocity of a body after t secs, is given by 
v=3(t? + £1) ft/sec. How far does the body travel in 
the first four seconds? 


2. A body starts from rest and moves so that 
y= 24t(1—t) ft/sec. after t secs, How far has it 
travelled when it is again at rest? © 


3. A body is thrown vertically upwards and after t 
‘seconds, its velocity is (90 — 32t) ft/secs. What is its 
height after (a) 2 secs. (b) 5secs.? After how long and 
with what velocity does it return to its starting-point ? 


4. The retardation due to gravity of a particle 
going up an inclined plane is g sin « where « is the angle 
of the inclined plane with the horizontal. g=32 ft/sec2, 
_A particle shot up an inclined plane of 30° comes to rest 
at a distance of 2ft. Show that its initial velocity was 
8 ft/sec. 
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5. A stone is sent gliding over ice with aes 
velocity of 40 ft/sec. If friction leads to a ‘sae a 
of 1% ft/sec.2 show that the stone will go 250 ft. be 


it stops. 


6. A body starts from rest at t = 0 and moves with. 
an acceleration (t +1) ft/sec?., where ¢ secs. 1s the 
time from the start. What isthe velocity after 4 secs? 
What is the distance travelled after 3 secs. ? 


7. A body starts with velocity 2 ft/sec and after 
t secs. its acceleration is (1 —t) ft/sec2. After how long 
will it be back at the starting point? What will be its 
velocity then ? 


8. A train starts from rest at a station and after t 
min. its acceleration is 900 (2—t)yds_ per min.? until 
this expression vanishes, when the acceleration remains 
zero until the train puts the brakes for the next station. 
Find the maximum velocity of the train between stations. 
and the distance in which this velocity is attained. 


9. A particle is moving according to the law 
v=v, cos nt; show that the space described by the time 


it first comes to rest is aa (Lamb } 
Answers. 
Ex, 7-5. 
1 a | ai oe 3: 2 xs! 
dy) esa is, sec ex 6, —sot Get) 
7, 2tan 5 8, sin-1 (=) 9, 5 tan~-1 2 ) 


10. 
EL. 
id. 
14. 
iS. 


16. 


Ex. 


Ex. 


INTEGRATION 167 


1 
2/3 cot“ (5 75) 


2 
©, axtatb _ 
V Sat Bab +5 tan~? lS aa | 
Bae ee 
A/a Beer (J) 13, 5 sec-1 (5x) 
x a 
2 Vi6—2 + 8 sin-1 (=) 
> 5 Via x + +4 sin? (=) 
ae tan-* (~ =~) 
V31 V3i 
7'8. 
1, 28—22245x 2. a et 
a 
3) = eo 2 
_ 3% +2x24 x A, 3 x3+5x2+13x, 
5. tan x+sec x 6, 5 Vat x+ a sin-? ~ 
| a 
dL n-t Salta -1% iii. 
7, 7, tan ty tan i 8. 5%] sin 2%. 
7°11. 
1,’ 75 ft. 2. 4 ft,. 
3, (a) 116 ft. (b) 50 ft.; 58 secs,, —90 ft. / sec, 
6. 12 ft./sec.; 9 ft. 7. 4secs.; — 32 ft,/sec, 


8, 1200 yd./min, (= 41 m. p. h. nearly); 1200 yds, 


CHAPTER VIII 
METHODS OF INTEGRATION 


8:1. We have defined integration as the inverse process 
of differentiation in the last chapter. Given simple 
functions as derivatives, we have seen how to find 
their primitives i. e. functions of which the given 


functions are the derivatives. ) 
In the present chapter we shall give two powerful 
methods of integration viz: | 
(i) The method of substitution 
and (ii) The method of integration by parts. 


With the help of these methods we can integrate 
many of the functions the primitives for which cannot be 


obtained directly by inspection. 


8:2, Change of the independent variable. 
(or the method of substitution. ) 
The method of substitution in differentiation of a 


function was explained in § 45. Given y, a function of 
x, where x itself is a function of t, the derivative of y 


w.r. to t was given by the formula 


ay) a aK 
dt ~ dx’ dt 


By definition of the integral, we have 
_ [ a 
y= fg 


_ [ & a 
aes dx : “dt : dt ove eee (A) 
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£ It ay happen that by using a suitable substitution 
or x 


» IN terms of another variable t, the integral 
f oy Gx ‘3 <3 dy 
dx dt -dt is Simpler to evaluate than i ae dx. 


An example wil] illustrate how this is effected. 


Consider dy = cos? x 
ax 
1. e, y= / cos? x dx. 
Now if we write sin x =t, then 
cos x- a 1 
Lede = 
dx *r*] 
dt - cosx 


| x 
“a J coszde= f cost x % ae 


= / (1 ~ sin? x) dt 
=f (ee) ae e828 apy 
=t—-iB : 
= sin x — } sin? x, : 
Thus the integral was brought to the simple form 
{B) which can be evaluated directly. 


The example solved above shows that the integrand 
in (A) has to be expressed in terms of t by means of the 
assumed relation between x and t. This canbe seen from 
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(B). The evaluation 
terms of t, which ha 


expression in x. 


of the integral is thus obtained in 
s to be transformed back to an 


The above has been an example of a trigonometric 
substitution. The other kind is the algebraic substitution, 
We give below an example to illustrate the latter also. 


Take / x sin x2 dx. 
1 


—_— 


ax 
— Ss 
Put x t so that Tt Dn 
= f asin 2 dx = fxsine = dt. 
dt 
= J asin 22 5 dt, 
OX 
= mp sin x? dt. 


oe upe 
= 5 sint dt, 
1 


= — =cost, 
2 

= 1 cos x? 
2 e 


we To prove that | f(x) dx = f f (%) mo dt where x 


is some function of t. 


Proof ee y= uy f (x) dx. 
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But x is a function of ¢, 


@ dy de 
 -@b da dt 
dx 

= 


d 
. y= Jta= dt. 


ft dx = [i at. 


8:3 Illustrative Examples :— 
1. Integrate (3x-+4)32 wor, te x. 
Put z= (3x +4) 


. l= 3 ae (differentiating w. r, t. z.): 
dx 
Now [ (3x + 4)3/2 ax = J Gxt4pr "Gz 2 


- fo (Bec 


23/2 dz 


N 
id 
N 


Oy po —S, 


bh Go| r+ 
Gil bo tal | 


(3x + 4)s/2 
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dx 
Method I. Put x2 =u so that 2x ci 1 


dx 1 
du 2x 


| =- " x% dx F 
Taxca > | Sa ae Uu 


ao 
Method II. Put 42 = a2 sin 8 so that 8 = sin-} = 
“a4 


6 ae cee = ee cos 8 


dé 
TF = cos 6 


ed 2 Vat—at. sinzo @ 


- {= a* cos @ 
2a? V1=si —sin29 a0, 


ae 
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1 cos 0 d0 
. ~cosé 
hie 
1 
=5 g 
_ 1. (x 
=—2 a8 (3). 
dx 
Cae 


Method I, Put x = = 


laa “ITIP Fat. 


t 


_ {/__# _~ f=1 
= J (a+ 1) ( 2 ) dt 
_ fata oS 
eva 
2art dt 


oa @P+ 
sats sal Got] Cea Lee 
5 aa] 44) A du 


ee a Se 1 
fF uty 
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2 See 

a? J a+1 
1 #42 : _i1 
putting t = > 


eh) ae 


II Method Put x = atan@ 


rations Saratore 
(i wil ran) no )32 dé 


== asec? 0 
2 / (a? = Q)3/2 te 7 a seid 
7 [5 sec? 0 4 
a3 sec3 G 4 
= 5 | cos 6 dé 
= 5 sin 0. 


But tan @.= = 
a 


* sind = ———= 
AJ a+ x? 
7 eee ee 
(a2+%2)3/2 J a+ xy 


Note :—The examples 2. and 3, worked above show 
that of the two kinds of substitutions, viz. 
algebraic or trigonometric, in an integral 
one of the two substitutions, rial 
the trigonometric one, simplifies the process 
of integration better than the other. 


Ls 


METHODS OF INTEGRATION 175 


The student is recommended to use 
both these methods wherever possible, for 
only then will he begin to see which 
Substitution is more powerful in any 
Particular case. 


1 ee 
4, eres 


—_—_———_ == 


1 dx 1 
Put = _ = 
ut x 7 SO that 7 7 


; él ——. 1 ——. dx ; 
+ ro S14 x2 dx = [5 VSI +x? oe dt 


=>/ J 1+# - 2¢ dt 


= = | Vitae whereu =?2 


= Steyr 


-H(14 3) 


5 x2 


=— Oe , 
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1 
. Ix ara 


Xx 
Put t= fan > 


pa eee tat 
mie eet Ba 
Also differentiating w. r.t. ft 


d 
1 = ser Sx 5+ 


. fatene Sas 
x 54+3cosx 3(1-#) 1+¢ 
E ie 1+? 


dt 


-f[ adt 
SJ 5040943 0-2) 
he Qdt 
— J 8+ 2? 
* dt 
=") ae 


: tan-1 si 


“cB 
t 4 ~1 a zl 
=" p.tan [ 5 tan 3 
6. f /q@— x2 dx 
Put x=asin 8. 


& = a cos 8. 
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- [VaR am | V a8 & «ap 


‘s J V/V a—a sin? 6: a cos 0:dé 


fa cos @:-acos@-d0 
a2 / cos? 6 d@ 


J = [ (cos 20+1) 40. 


“eet 


1 Fs . =% sin @\cos 945 9 


‘ee a 
2 2 
a2 x af a x 
, Sac api-—s +4 sin! #) 
\ 2a aT 95 (2 
Ae bead e 
x ——. _ gq. (=) 
= az— x ~ sin — 
ae eee As 


et 


Pe , | 
el ee ee 
7. vee FR Cos ml ) ae, i. 


a | 
Put x = tan@ so that “~ = sec20 


dé 
3 ‘= 1+ tang 
1- ) a 2 1—x2\ qd 
4 zt x 
Jame Gees a= “J Tp giOO®, (iF) d 
= r1— tan%6 
2 1] = — tan’ 
fs Tea Ly tan26 


: | ape Xx (1422) do. 
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=| cos7! | cos 26 |ao 
= / 26 dd 
6 


— 
— 


~ (tan-tx)2 


84. Integration by Parts. 


. We know that if wu and v are differentiable functions ; 
of x, then - 


ad dy |. sdu™ 
Ge OT . 


dy: a) 
J (ue +o % om 
dp ° du 
| ;, += ea 
ee Sa J aQaesuo- fo ay. 


This is called the rule of integration by parts. -It is. 


used when the integral on the right-hand side is simpler 
than the integral on the left-hand side, 


Kk 


UV 


Il 


Note a particular case of this when » = x so that 


GD aan 
/ dx rr : ‘ ait 
Tien fu a dx a tae 2 f du d \ 
ax ; _ ax v. 
eos becomes 
| fwd dx =uUu-x — (pes 
ao 
badeee aS i 
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We have the Particular case 


udx = yx — x 24 ax. 


dx 
8-5. Illustrative Examples : 


I. l awe 


Here u = \/ qi and v = x, 


“ ss , 
~--e 2 ‘ ian eee is 
Ja 2 = 2 y2- — . 

J fa ON Gat pe 2\/ a—x? 


i V ex = / Tes dx 
a Se a? — x2 FES 
ste) fei 


Adding (1) and (2) we get 


2 fa/ q2— x2 dx = xf =x + a? sin“? (=) 
Se eee | Chey er cee ee -1(2). 
|[Va-8 ZV aaa + 9 sin |Z 


Note:—The above example was also worked by the 
method of trigonometric substitution in 
Ex. 6 of § 8&2. Here it is worked again by 
the method of integration by parts, A 
comparison of the two methods for the same 
example will show that sometimes integra- 
tion by parts is more direct and more simple 


than integration by substitution, 


180 


2. fx cos x dx 
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= f eZ Ginx) dx 
; fi 4 ny g 
sin. = ae ax (x) *, 


I 


xsin x — J sin x dx 


= x sin x + cos x 


a  Selnvinnehite I x sin 2x dx 


4, rE sin-1! dx: 


\ 9 4 
= [ x4 (- 400s 2x) d 


sd 
— q «cos 2x _* 


1/(—Acoaae) (x)d 


og y) ai 
= 4% cos ar a cos 2xd 


Ped || 


1 
_ Jt cosex+ = sin 2x. 


i d “ 
=f sinct x © (x) ax | 


en] in-71 = xX. 
/ —%* 


x sinst y-- = ak 2x dix 


Vi- we 
x sin-1 5 {ft 
Me Ay Tit 


where u = x2 
x sin-1 x4 i ai 
x sin-1 x4 A) Vie) 


H 


l 
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gee 
2: J cos x ax = f xgy (sins) de 


II 


d 
x sin x — J sin Gy (0) oe 


= xsinx — [ sin x dx 


= xsin x + cos *% 


3, J xsin x cos x Ak = 


oll 


eo 


i x sin 2x dx 


2 \ 

-1 d zi ) 

=3 x (5 cos 2x ae 
=< 5 x COS ax -* 


1/(3 —= cos 2x) o hall 


1 
Le Gx cos2x+ =| cos at G5 


1 
== xcos2x+ - sin 2X. 


roy — ee d | 
> J sin tdax= ff sinc xe * (xy de } 


I 


Il 


inn. = x z 
x sins! x | Jina dx 
‘ . XG 


wsint am 5 2x dx 


VL — | 


Sig Binet a aS 
2) Sty 


sn! uUu= x2 


= % sin-1 x4 ewes 
= * sin“l x4 4/]T _ 7 
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or f tan ae = [ tan2x (sec?x-1) re 
= f tanrx seer ax— f tan2x dx 
= J tants sects ax— [ (setx-1) dx 
= f tanrxsect ax— fsectade+ f ax 
= fw du — [aur fae where | 


u = tan x 


nena 


6. etsing ge | x dx 
l+cos x Sees xs Ttcose 4 
x x 
pee 2 sin 5 COS 5 
= fag tS: ax 
2 cose 2 cos® 5 


: , 
=5 fx sec? 5 dx + fans dx Aas 


1 | 
= 5 | sect ax +xtan 5 


1 
—5/) * sec2 Sdx 
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transformation : 


by tri onometric : 
8-6. Integration y trig formule are useful In | 


The following trigonometric. 
integration. 

Formule : 
(1 ) sin? x-+cos?x = 1 
| sin?x =1— cos? x 


and cos?x =1-— sin? x 
Cit.) 0 Oo tan?x =1 — sec? x 
( ili ) sin 2x= 2 sin x Cos x 


sinx cosx= 5 sin Ox. ‘w 


(iv) cosax =l1-—2sin?x 
= 2 cos? x — 1 


sin? x = 5 (1 = cos 2x) 


and cos? x = > (1 + cos 2x ) 
(v) .- sin 3x = 3 sin x — 4 sin3 x 
sin’ x = - (3 sin x — sin 3x) 
( vi) | “ea Bh Arcos! £ = Sitos, x 


eo cos} x = ; (3 cos x + cos 3x) 


(vii) sin A cosB = =[sin(A +B) +sin (A — B)] 


ll 


(viii) cos A sinB [sin (A +B) —sin(A —B)] 


(ix) cos A cos B 


I 


BNR NE pe 


NT eA 


[cos (A +B) + cos(A —B)] 


(x) sinA sinB = = [cos (A — B) — cos (A +B)] 
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The following exam les j 
of the above formulae, pies illustrate the use of some 


. 1 
1 J sin’ % dx = +/@ sin x — sin 3x) dx 


ase) ~ 4 
q COS x + Td cos 3x 


fh 


Jian xdx = J sec? x —1) dx 


= ft sec2:-xdx — i}. 1-dx 


= tanx — x 
fri x cos xdx = > f sin 2 xd x 

= — + 60s a x | 
[cos xdx = sfa + cos 2x) dx 
ae ie sin 2x 
J sin 5x cos 3xdx = aE sin 5x cos 3xdx 

= + / [sin 8x + sin 2x | dx 
= >(- | cos ae AP =(-5) cos 2x 


= — (2 cos + + cos 2x), 


Ww 


as 


On 


fsia 3x sin 4 xdx =5/2 sin 3x sin 4x dx 


tty 
= 5 |'[cos x ~ cos 7x ax 


~ — = eS aS) fk hee =v > 
Da ee yh oF ae . ¥ ae 
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8:7. Miscellaneous Examples ° 


1, FJ a iy Cnc ea 


atx Jatx 
= [atx dx — 4 


dx ms 
(a+x)t2 


2. [Meee 
x 
Put x = asec §, 


& M a sec 6 tan 0, 


" 42 — Q2 atan 6 Pe 
ki . 7 TEE dx = fossa -asec Otan 6d@ 
RS . 


a sec 0 j 

ue = af tan? 046, 
th, ‘ i 
f a =a (tan 0—@) from Ex:2 of §86 — 
we But x = a sec 8 
a : | S 

i a 

“. > = cos 0 

: pe Ne 

a . 0 =cos-1% 


) | \ x2 
 ° Also sec? @ == 


dl 


tan? 6 = sec2 4 —] 
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5 pe xe—a? gy Pees o{Yene x? — a> ered a 


wae a 
= pee _ a cos”? 


3. [GH daa) ax = [af Beare de 


7 / / Garb Goa) dx = i, V @FIF2=x) oS dy 


= IRE —3cos2y( —Zsiny) dy: 
= - 3 f sinzy dy, 
= wi —2sin2y dy 
9 
= 3 J (cos 2y -1) ay 
| 9 
= 5 | dsin 2y—y | 


on 
= =| siny cosy — y | 
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Bur = 2 
u z= 5 COSY 
2, 


cosy = 3 


ahi Oia cee een 
sny=3V7 @+)D(2- *) 


Also y = cos"! E * | 


Oe oes ger ea tA 
ANE (2—x). = <a N (+1) (2—x) 


= x dx) 

J 5x+4 Sx +4 

Put V 5x+4 = 4 
5x + 4 = y?2 


4 wax t d . 
aye saclay ze Ze 


= Lj pe 3 )aw 


2 

= 35 (u2—4) du 
42475 28 
(peeve ie 


24 : 
a5 (Sx + 4)3/2 7 a (5x +4)1/2, 


ee” 
=F5 (Ox+4)1? (5x+4-12), 


\ 
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=75 / 5x+44-(5x—8). 


8-8. Exercises: 
Prove the following: 


“1. re ae 
12, | 2x G2-3) dx =o)” 
J dx = L223" 

3, f-2x)Fax = —G=20)9? 
3 3 


’ 4, [2-1 Contam adx= (x-+.an)# ce 
| An 


2 — =O) 6 anes 
7, pps Sag dx = 2 aE raed 
f Tappa ATR | 
9. COS x 
4+sin? x 5 tans? be gs | 


r 10. Piso te apes 5 (*%—sin x) 


ii sectx dx. _ 1 tan-!1 (5 ) 
J ay tare BeBe they 


oa | —— : 
eA livers ax =<, /x—1 (3x2-4x%+8) - 


RAG BAD ty oe 
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dx I 
Pe ia “4 Ween ak 
14. is G41) tan? X - 
cos x dx 1 
a (—sin x)? l—sinx 
oe, ee . Ltan~ 1.x? 


17 i Gita" ol x 
(a2—x2)32 ~ G2 4/q2— x? 8 


a. 1 Xx 
” | aan a @ /ea—a 


a sale SI 


a [ae 


l+x 
20. f 
(1- Ser x NU-x 
dx 2 ( 1 x) 
Se ae ot -f-4 x 
a 5+4cosx: 3 neu 3 ran 
ax a4 <i 1 ‘x 
22. Vs al + x2) = oy tan HT FT 1 ¥ 
23 Vi xsin axdx= 5 sin ax— = cos ax \ 


= ae 
a0: [= dx = Vx? —9 —3cos-} (5) 
Xx xX 
a byte 
26. / sec® x dx = =tan x+ 3 tan? x + = 5 tan? x 


Zils fx sin 2x ax = + cos 2x+ 5 3 sin 1 2a — 2 Cos: 2% 


i . 
25. fx tan-1 dx = a [ +2") tan iar 
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METHODs OF INTEGRATION 


_ [NGS (7x) dx * 


X89 
ar = VEDI TESS +. 
- 4Asin-1 = 
3a-)\ 
ee ta i(i i‘ 
25—24 ae ioe (3 tan x ) Sate 
SP Db ape 7 > 
lg =a ~ 7g ee | Se Ve ap 
atx | x 
joes de ma sins 5 — aimee 
f dae See. = Vea x2 


xV/ Bhs x2 : 
As Bee Pe \ 
= sin-1 o%: . 

Wee Te ee pr sin : 3 f 


| Tare 25 2a) Jarre 


=F 


f ax ie 1: 2+ x2. 
xPN/ 24 ee . 2 x ie EES 
wea ~ ae (5 1 ) 
41+9 cos x de 20 a “5 tan a 


I : 3-—x 
*fa2+oe—3 ~ yan Ce ) 
— 1 ane & x 
Vi+tsing dx =5 po. S88 a: 

e 8 ee —— - | x 
( Hint. VA 1+sinx = sin + cosss ) 
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’ \y FIRST YEAR CALCULUS 


sin-! x 


i eek soe 
sae du = 5 (sin-*x) 
V I-. 


ae ad SS COSA: 
43. “iy sinx cos*x dx A 


quid | ee, econee f= Cor 
44, 1+cos % 
5 l= — —cotx —cosec x 
49. T—cosx ™ : ) 
dx 1 ail ( ) 
ee: Sia = == tan —7= tan x 
tJ 
ne | 
sin "Xs —— on-! 
aT. Vivrcrs =-V/1-2# sin“ x + % 
A/:1L— x 
p> MALS ge Vy PE 
45 J) /at— x4 ao ae 
=. A dx a 
Pe ee nt 
——= = ———sin-? — 
49, J x J x2 =o ; . 
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50. Integrate (+12 


(i) by the substitution u = x2 +1 
(ii) by the substitution x = tan@ 
Explain the difference between the results. 
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